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n p r e l i m i n a r y  d i s c u s s i o n  i s  g iv en  oi’ the  e x i s t e n c e ,  i n  
c e r t a i n  e f f e c t s ' i n  u m agne t ic  f i e l d ,  o f  .components which a r e  
q u a s i - p e r i o d i c  i n  the  r e c i p r o c a l  of t n e  m agne tic  f i e l d .  T h re e  
o f  the  more i m p o r t a n t  e f f e c t s  so f a r  d i s c o v e r e d  to have t h i s  
p r o p e r t y  a r e  the m ag n e t ic  s u s c e p t i o i l i t y ,  the  c o n d u c t i v i t y ,  
and t h e  H a l l  e f f e c t .  The uepenaence  of  each of  t h e s e  e f f e c t s  
on the  number of f r e e  e l e c t r o n s  i s  d i s c u s s e d .  An e x p r e s s i o n  
i s  th en  d e r i v e d ,  p r e d i c t i n g  o s c i l l a t i o n s  i n  the  number of a  
s m a l l  b a t  s p e c i a l  group o f  e l e c t r o n s .  With tne a i d  o f  
a p p ro x im a te  fo rm u lae  f o r  th«  above e f f e c t s ,  e x p r e s s io n s  a r e  
o b t a i n e d  fo r  t h e  o s c i l l a t i o n s  in  i u d i  e f f e c t .  The r e l a t i v e  
m agn i tude  and phase  of t h e  o s c i l l a t i o n s  i n  each  e f f e c t  i s  
d i s c u s s e d  and compared w i th  e x p e r im e n t ,  q u a l i t a t i v e l y ,  t h e  
agreem ent  i s  good, and some semi q u a n t i t a t i v e  agreement  w i t h  
e x p e r im e n t  i s  o b t a i n e d .  The H u l l  e i f e c t  d a t a  o b t a i n e d  i n  
t n i s  l a b o r a t o r y  a r e  a n a ly s e d  by t n i s  th e o ry ,  w i th  good i n ­
t e r n a l  ag reem en t ,  an  a t t em p t  i s  made to  improve tne  fo rm ula  
used f o r  the  H a l l  e f f e c t ,  Dut a l t h o u g n  two new e x p re s s io n s  
a r e  o b t a i n e d  i n  s p e c i a l  c a s e s ,  no b e t t e r  agreement  w i th  




The e l e c t r o n  th e o r y  oi  m e t a l s ,  a  p ro m inen t  p a r t  o f  
th e  t h e o ry  o f  t h e  s o l i d  s t a t e ,  a t t e m p t s  to  r e l a t e  many o f  th e  
t h e r m a l ,  e l e c t r i c ,  m a g n e t i c ,  ana e l e c t r o m a g n e t i c  p r o p e r t i e s  
o f  m e t a l s  to  t h e  p r e s e n c e  o f  f r e e  o r  * u a s i - f r e e  e l e c t r o n s  i n  
the  m e t a l s .  P r o p e r t i e s  such  a s  e l e c t r i c a l  and. th e rm a l  con­
d u c t i v i t y ,  m ag ne t ic  s u s c e p t i b i l i t y ,  t h e  ga lvunom agne t ic  
e f f e c t s ,  s p e c i f i c  h e a t ,  t h e  e l e c t r o t h e r m a l  e f f e c t s ,  and some 
o p t i c a l  p r o p e r t i e s ,  t o  name a few, a r e  a t t r i b u t e d  t o  the  
p r e s e n c e  o f  a d e g e n e r a t e  Fermi gas o f  e l e c t r o n s  i n  th e  m e t a l ,  
and to  th e  p o s s i b l e  i n t e r a c t i o n s  o f  t h e s e  e l e c t r o n s  w i th  the  
l a t t i c e .
I t  would th e n  seem r e a s o n a b l e ,  i n  a  c a s e  where anoma­
l o u s  b e h a v io u r  i s  found i n  one o f  th e  uuove p r o p e r t i e s  f o r  a 
c e r t a i n  m e t a l ,  to  i n v e s t i g a t e  o t n e r s  o f  t h e s e  p r o p e r t i e s  fo r  
a n a lo g o u s  e f f e c t s .  Hence th e  m s  c o v e r /  by Hchubnikow and 
de Haas (1930a,  b) o f  d e p a r t u r e s ,  a t  low t e m p e r a t u r e ,  from the  
e x p e c te d  monotonic  i n c r e a s e  w i th  m ag n e t ic  f i e l d  o f  th e  mag- 
n e t o r e s i s t a i i c e  o f  b ism uth  l e u  ue Hass and Vail Alphen (1930a,  b, 
1 9 3 . i a , b ,  to  i n v e s t i g a t e  t h e  f i e l d  dependence  o f  th e  m agne t ic  
s u s c e p t i b i l i t y  o f  t h a t  m e t a l ,  a p p r e c i a b l e  o s c i l l a t i o n s ,  
l a t e r  found to  be q u a s i - p e r i o d i c  i n  th e  r e c i p r o c a l  o f  the  
m agn e t ic  f i e l d ,  were n o t e d  a t  l i q u i d  hydrogen t e m p e r a t u r e s  
and were even more marked a t  l i q u i d  h e l iu m  t e m p e r a t u r e s .  The
e f f e c t  was s y s t e m a t i c a l l y  i n v e s t i b a t e u  Dy Bchoenberg and Uaain  
(193 6 ) ,  and e s p e c i a l l y  - by Schoenberg  (1 9 3 9 ) ,  s t i m u l a t e d  by 
th e  deve lopm ent  o f  a  th e o ry  lo r  t h i s  e f f e c t  t h r o u g h  the  
s u c c e s s i v e  c o n t r i b u t i o n s  o f  P e i e r l s  (1 9 3 3 ) ,  Blackman (1933) ,  
and Landau (1939)•
The a n o m a l ie s  i n  the  m a g n e t o r e s i s t a n c e  were f u r t h e r  
i n v e s t i g a t e d  by de Haas, Blom and Dchubnikow ( 1 9 3 5 ) j and 
o t h e r  i n v e s t i g a t o r s  found s i m i l a r ,  a l b e i t  much weaker e f f e c t s  
i n  th e  m a g n e t o r e s i s t a n c e  o f  z in c  (N ak im ov i tch ,  1 9 4 2 ) ,  and t i n  
(B o ro v ik ,  1949)•  However, u n t i l  1947, i t  was assumed t h a t  
t h e  o s c i l l a t i o n s  i n  th e  m ag n e t ic  s u s c e p t i b i l i t y  o f  b ism uth  
were a p a r t i c u l a r  p r o p e r t y  o f  t h a t  m e t a l .  I n  t h a t  y e a r ,
Marcus (1947) found t h a t  z inc  shorten o s c i l l a t i o n s  i n  i t s  low 
t e m p e r a tu re  m ag ne t ic  s u s c e p t i b i l i t y . The su b seq u e n t  work of  
iiiackinnon (1 9 4 9 ) ,  ana  e s p e c i a l l y  o f  Syaor iaK and t iob inson  
( 1 9 4 9 ) ,  s e r v e a  to  c o n f i rm  t h e  c l o s e  r e l a t i o n s h i p  between the 
e f f e c t s  i n  b ism uth  ana  i n  z i n c .  S in c e  th en ,  o s c i l l a t i o n s  in  
tiio u u g n e t i c  s u s c e p t i b i l i t y  ijaVe oeen found in  a number of  
m e ta l s  (Schoenberg ,  1949) ( B e r i i n c o u r t ,  1954b) .
I n  th e  meantime, s e v e r a l  new a p p ro a c h e s  to  tn e  theo ry  
o f  the  s u s c e p t i b i l i t y  o s c i l l a t i o n s  were advanced  by Burner 
(194 3 ) ,  Sondheimer and Wilson ( l v 5 l ) ,  and D in g le  ( 1 9 5 2 a , b , c ,
1953) i a k h e i s e r  (1 9 3 9 a ) ,  c o n s i d e r e d  the e f f e c t  o f  s p i n  i n  
th e  c a se  o f  f r e e  e l e c t r o n s ,  and ftobinson (1950) m o d i f i e d  the 
P e ie r l s -B la c k m a n -L a n d a u  t h e o r y  i n  such  a way a s  t o  o b t a i n  
b e t t e r  agreement  w i t h  th e  o b se rv e d  t e m p e r a t u r e  v a r i a t i o n  of
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th e  o s c i l l a t i o n s .  A lso  t h e o r i e s  of t h e  p e r i o d i c  v a r i a t i o n s  
i n  t h e  m a g n e t o r e s i s t a n c e ,  based  on t h e  e a r l y  work o f  T i t e i c a  
(1 9 3 5 ) ,  were advanced by a k h e i s e r  (1939b) tdid Davydov and 
Pomeranchuk (194-0) .
The d e f i n i t i v e  e x p e r i m e n t a l  work o f  a l e r s  and Webber 
(1933) on the  m a g n e t o r e s i s t a n c e  of  b ism u th ,  co u p le d  w i t h  the  
i n v e s t i g a t i o n s  o f  B e r i i n c o u r t  ^1^3^) on the  m ag ne t ic  s u s c e p t i ­
b i l i t y  o f  the  same c r y s t a l s ,  c o n f i rm ed  t h e  i n t i m a t e  r e l a t i o n  
between the two e f f e c t s .  The s i m i l a r i t y  was a g a in  conf i rm ed  
i n  th e  c a se  o f  g r a p h i t e  by B e r i i n c o u r t  and Logan (1954) and 
l a t e r  e x ten d ed  by B e r i i n c o u r t  ( l ? 5 4 b )  to  i n c l u d e  the  f i e l d  
o s c i l l a t i o n s  i n  t h e  H a l l  e f f e c t .  T h is  p e r i o d i c  H a l l  e f f e c t  
was f i r s t  i n d i c a t e d  i n  b ism uth  by th e  work of G e r r i t s e n  and 
de Haas (1940) and  c l e a r l y  d e m o n s t r a t e d  i n  the  work of 
Keynolds,  L e i n h a r d t  and H e m s t ree t  (1954)•  These d i s c l o s u r e s  
were c l o s e l y  fo l lo w e d  by the r e p o r t s  o f  f i e l d  o s c i l l a t i o n s  
i n  t h e  t h e r m o e l e c t r i c  e f f e c t  i n  b ism uth  ( S t e e l e  and B a b i s k in ,
1954) and i n  t h e  th e r m a l  c o n d u c t i v i t y  o f  b ism uth  ( B a b i s k in  
and S t e e l e ,  1954) which a p p a r e n t l y  have th e  same p e r i o d i c i t y  
i n  th e  r e c i p r o c a l  of t h e  m ag ne t ic  f i e l d  a s  th e  t h r e e  e f f e c t s  
named above.
Thus i t  would seem r e a s o n a b l e  t o  s e a r c h  f o r  some 
p r o p e r t y  o f  the  c o n d u c t io n  e l e c t r o n s  on which th e  above 
n«wed e f f e c t s  a l l  depend.  From t h e i r  dependence  on t h i s  
p r o p e r t y  i t  shou ld  be p o s s i b x e  to uraw some c o n c l u s i o n s  as 
to t h e  r e l a t i v e  m ag n i tu u es  a n a  t h e  p h a s e s  o f . t h e  o s c i l ­
l a t i o n s  i n  t h e s e  e f f e c t s .  A t  t h e  t im e  t h i s  i n v e s t i g a t i o n  was
4
Degun, t h e - e x i s t e n c e  of o s c i l l a t i o n s  had been d e f i n i t e l y  
shown o n ly  i n  th e  c a s e  o f  th e  m ag n e t ic  s u s c e p t i b i l i t y  and 
th e  m a g n e t o r e s i s t a n c e ,  a l t h o u g n  th ey  were e x p e c te d  i n  the  
H a l l  e f f e c t .  Because  of th e  known dependence  o f  t h e s e  t h r e e  
e f f e c t s  on the  "number o f  f r e e  e l e c t r o n s " ,  i t  was d e c id e d  to  
i n v e s t i g a t e  th e  p o s s i b l i t y  of  f i n d in g  o s c i l l a t i o n s  i n  t h i s  
q u a n t i t y .  I n  C h a p te r  11 we s h a l l  s e e  t h a t  in d e e d  we can 
e x p e c t  a p p r e c i a b l e  o s c i l l a t i o n s  i n  th e  number of  a  sm a l l  b u t  
s p e c i a l  group  o f  e l e c t r o n s  (G r im sa l  and L e v i n g e r ,  1953; 
L ev in g e r  and G r im s a l ,  1954)* i n  C h a p te r  111, we s h a l l  d i s c u s s  
th e  e x p e r im e n ta l  r e s u l t s  w i th  th e  a i d  of the  c a l c u l a t i o n s  
of C h a p te r  11 and the  v e ry  s i m p l e s t  fo rm u la s  fo r  t h e  above 
e f f e c t s  i n  te rm s  of t h e  number o f  e l e c t r o n s .  C h a p te r  IV 
w i l l  c o n t a i n  a f u r t h e r  d i s c u s s i o n  on the  g e n e r a l  p rob lem  o f  
th e  m a g n e t o r e s i s t a n c e  and H a l l  e f f e c t  a t  h ig h  m ag n e t ic  f i e l d s  
and low t e m p e r a t u r e s .
CHaPTER 11
THE OSCILLATIONS IN THE NUMBER 01* CARRIERS
Tha P e i e r l s - B la c k m a n - L a n d a u  th e o r y  o f  the  o s c i l l a t i n g  
magnetic s u s c e p t i b i l i t y  i s  based  on the  f a c t  t h a t  i n  t h e  
p r e s e n c e  o f  a m ag n e t ic  f i e l d  th e  m otion  of th e  f r e e  o r  
c o n d u c t io n  e l e c t r o n s  i n  th e  p l a n e  norm al  to  the  m agn e t ic  f i e l d  
i s  q u a n t i z e d  w i th  ene rg y  where**' i s  t h e  Larmor
a n g u l a r  v e l o c i t y ,  M oreover ,  th e  d eg en e ra c y  o f  each
l e v e l  i s  found t o  be p r o p o r t i o n a l  to  H  • I t  would n o t  seem
am iss  to  g iv e  a s im p le  d e r i v a t i o n  o f  t h e s e  r e s u l t s  h e r e .
More r i g o r o u s  quantum m ec h an ica l  d e r i v a t i o n s  may be found i n  
Landau (1930) o r  D ing le  ( l y p ^ a ) .
For f r e e  e l e c t r o n s  w i th  a m ag n e t ic  f i e l d  a p p l i e d  i n  
t h e  z d i r e c t i o n ,  t h e  m otion  p a r a l l e l  to the f i e l d  i s  u n a f f ­
e c t e d .  The e nergy  due to  t h i s  m o t io n  i s  s t i l l
=  U )
2 *  2  m  J
S i n c e  where U  i s  the l e n g t h  o f  th e  n o r m a l i z i n g  box
( o r  th e  m e ta l  c r y s t a l )  i n  th e  z d i r e c t i o n ,  we may have
s t a t e s  w i th  ene rg y  
l e s s  t h a n  ^ ( t h e  d ou b l in g  o c c u r in g  because  o f  t h e  two p o s s i b l e  
o r i e n t a t i o n s  of th e  e l e c t r o n  s p i n ) .  The m o t io n  p e r p e n d i c u l a r  
t o  th e  f i e l d  w i l l  be c i r c u l a r  w i th  a  f r e q u e n c y  &H/21WI&
T h i s  ty p e  of m o t ion  can be c o n s i d e r e d  a s  the  r e s u l t a n t  of  two 
s im ple  harmonic  o s c i l l a t o r s  a t  r i g h t  a n g l e s .  A ccord ing  to
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quantum t h e o r y ,  t h e  energy  of  a s im p le  harmonic  o s c i l l a t o r  i s  
( wher e  / t  i s  an i n t e g e r .  S u b s t i t u t i n g  th e  v a lu e  o f  
the  f r e q u e n c y  g iv e n  above,  we f i n d  t h a t  th e  ene rg y  a s s o c i a t e d  
w i th  t h i s  m otion  i s  , where i s  th e  d o ub led  Bohr
magne to n ,  e i / m o .  I a n o t h e r  p roo f  o f  t h i s  dependence  w i l l  be 
found i n  C ha p te r  IV . )  L e t t i n g  > we th e n  have
Hence
or
j ^ S ie j .=  e H / f s o
fo r  s e - i .  The a r e a  i n  ph a se  spa ce  a s s o c i a t e d  w i th  each  
l e v e l  w i l l  be
(arfe j§ k ) 0 =  -2- r e  HO A c
where D i s  the  c r o s s  s e c t i o n a l  a r e a  o f  t h e  m e t a l .  The 
number of s t a t e s  f o r  each  l e v e l  i s  th en  tw ic e  the  a r e a  i n  
phase  sp a c e  d i v i d e d  byV/jT^or
( 3 )
Thus th e  number o f  s t a t e s  w i th  Hduntum number Jb and w i t h  the 
energy  due  to  m o t ion  i n  t h e  ss d i r e c t i o n  l e s s  t h a n  £|j i s
^ = ( ^ V / i T ^ y 2 w S ) / A  U )
where V - Z i P  i s  th e  volume i n  c o o r d i n a t e  s p a c e .  S in c e  
E - 6 J - Z .  , we may r e p l a c e  Hjj by E “  The t o t a l
number o f  s t a t e s  p e r  u n i t  volume w i th  energy  l e s s  t h a n  E  i s  
t h e n
1/ 2.
(5)
where th e  summation i s  to  be c a r r i e d  o u t  o v e r  a l l  v a l u e s  ol’
^  which g iv e  a  p o s i t i v e  v a lu e  tu  th e  q u a n t i t y  i n  t h e  b r a c k e t s ,  
For co n v en ien c e  i n  l a t e r  c a l c u l a t i o n s  we wish to  change  to  
the  d i m e n s i o n l e s s  v a r i a b l e  and w r i t e  t h i s  e q u a t i o n  i n




P ro c e e d in g  from t h i s  r e s u l t ,  Blackman (1938) c a l c u l a t e d  
the  f r e e  energy  p e r  u n i t  volume, F , and t h e  number o f  
e l e c t r o n s  p e r  u n i t  volume,  (\j , from the  f o l l o w i n g  fo rm u la e .
F -  —ATĵ Sf J  C HW f- Ir®  TO
C « $
The r e c i p r o c a l  of t h e  q u a n t i t y  i n  c u r l y  b r a c k e t s  i n  e q u a t i o n  
(o) i s  the F e r m i- D i r a c  d i s t r i b u t i o n  f u n c t i o n ,  and w i l l  be 
r e p r e s e n t e d  by I t  sh ou ld  a l s o  be n o t e d  t h a t
i f  we t a k e  t h e  p a r t i a l  d e r i v a t i v e  o f  t h e  l o g  te rm  i n  e q u a t i o n  
(7) w i t h  r e s p e c t  t o  £  , we w i l l  o b t a i n  (k iT 1 f i C E j & j k r )  .
Both e x p r e s s i o n s  can be i n t e g r a t e d  by p a r t s ,  g i v in g
-  C S  r
I 00
Jo
The b r a c k e t e d  te rm s v a n i s h  a t  t h e  l i m i t s ,  and a  second i n t e ­
g r a t i o n  by p a r t s  o f  th e  e x p r e s s i o n  f o r  F -hEo leaves us w i th  the  
r e s u l t
(10)
Blackman t h e n  i n t e g r a t e d  th e  above e x p r e s s i o n s  i n  the  s p e c i a l  
c a s e  o f  ze ro  t e m p e r a t u r e ,  where becomes the  D irac
d e l t a  f u n c t i o n  SO r-k)  The m ag n e t ic  s u s c e p t i b i l i t y ,  7 6 , 
i s  t h e n  found from t h e  e x p r e s s i o n  ( S e i t z , 1 9 4 O , p . 5 8 0 )
If (11)
u s ing  e q u a t i o n  ( 9 ) and  e q u a t i o n  ( 1 0 ) ,  and e i t h e r  assum ing  
f i x e d  A/ w i t h  £ 0  v a r y i n g ,  o r  l e t t i n g  A/ be f i x e d  and Bo th e  
p a ra m e te r  t h a t  v a r i e s .  The two e x p r e s s i o n s  t h u s  o b t a i n e d  
f o r  a r e  s i m i l a r  (Sch oenb e rg ,  1949; D in g le ,  1 9 5 2 a ) .
We s h a l l  i l l u s t r a t e  B lackm an 's  method by o b t a i n i n g  
th e  e x p r e s s i o n  f o r  / / £ « )  assuming Bo c o n s t a n t .  S u b s t i t u t i n g  
e q u a t i o n  ( 6 ) i n t o  e q u a t i o n  ( l u ) ,  we o b t a i n
N * h  e)  (12)
where and 1 • f o r  z e ro  tem p era -
t u r e ,  i e ,  (9 -  0  , we o b t a i n
t/= A f e r i t y *
w ,
F i g u r e  1 i s  a p l o t  o f  'j’fea} a g a i n s t  Thus f o r
the  a b s o l u t e  z e ro  of  t e m p e r a t u r e  and f o r  low v a l u e s  o f  
we may e x p e c t  a p p r e c i a b l e  f i e l d  o s c i l l a t i o n s  i n  th e  number 
o f  c a r r i e r s ,  i f  i s  h e ld  f i x e d .  The o s c i l l a t i o n s  a r e  s e en  
to  be q u a s i - p e r i o d i c  i n  £0 and hence  w i l l  be q u a s i - p e r i o d i c  i n  
the  r e c i p r o c a l  o f  t h e  m a g n e t ic  f i e l d .  For  l a r g e  v a l u e s  o f  6  
t h e  summation can be r e p l a c e d  by an i n t e g r a t i o n ,  the  o s c i l ­
l a t i o n s  d i s a p p e a r ,  and w i l l  a p p ro a ch  t h e  v a lu e  2 /3
as m igh t  be e x p e c te d  from an e x am in a t io n  o f  the  c u rv e  i n  
F i g u r e  1 .  I n  t h i s  c a s e  w i l l  be g iv en  by
which i s  t h e  u s u a l  e x p r e s s i o n  r e l a t i n g / V  and £ o  a t  the  a b s o ­
l u t e  zer.o o f  t e m p e r a t u r e .
T h a t  such  o s c i l l a t i o n s  i n s h o u l d  e x i s t  can be shown 
r a t h e r  s im p ly  by a tw o -d im e n s io n a l  model ,  i . e . ,  a  model 
n e g l e c t i n g  the  d e g e n e ra c y  due to  m ot ion  i n  the  z d i r e c t i o n .
We n o t i c e  t h a t  b o th  the  energy  and the  d e g e n e ra c y  o f  the  
r o t a t i o n a l  l e v e l s  a r e  p r o p o r t i o n a l  t o  the  m ag n e t ic  f i e l d .  
C o n s id e r  t h e n  the  c a s e  where  th e  m agne t ic  f i e l d  i s  so l a r g e  
t h a t  .the e n e rg y  f o r  the  l o w e s t  l e v e l  i s  above t h e  Fermi 
e n e rg y .  Then t h e  number of e l e c t r o n s  i n  t h e  l e v e l s  in d u c e d  
by the f i e l d  w i l l  be z e r o ,  as the; a p p l i e d  f i e l d  i s  d e c r e a s e d ,  
a p o i n t  i s  rea ch e d  a t  which th e  ene rg y  o f  t h e  ^ • O l e v e l  i s
o"Oro
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j u s t  e ^ u a l  to  the  Fermi e n e r g y ,  i . e . ,  A c e r t a i n
number o f  e l e c t r o n s  can th e n  be accommodated i n  t h i s  l e v e l ,  
which number w i l l  d e c r e a s e  as  the i i c l a  i s  lo w e re d  f u r t h e r .  
Tnis  d e c r e a s e  i n  th e  number o f  e l e c t r o n s  w i l l  c o n t i n u e  u n t i l  
the  ene rg y  of t h e  JL~! l e v e l  i s  e q u a l  to  th e  Fermi e n e rg y ,  
which o c c u r s  when a t  t h i s  p o i n t  t h e r e  w i l l  be
a sh a rp  i n c r e a s e  i n  the number o f  a v a i l a b l e  s t a t e s ,  fo l lo w e d  
by a f u r t h e r  d e c r e a s e  u n t i l  the  f i e l d  r e a c h e s  t h e  v a lu e  
t b and so on.  Thus the  tw o -d im e n s io n a l  model g i v e s  
r i s e  to  a q u a s i - p e r i o d i c  sa w to o th  p a t t e r n .  The e f f e c t  o f  
t h e  c o n t in u o u s  ene rg y  spec t rum  a s s o c i a t e d  w i th  th e  m o t io n  i n  
the  z d i r e c t i o n  i s  to  round off th e  c o r n e r s  of th e  s a w to o th ,  
and th e  cu rve  of F i g u r e  1 r e s u l t s .
T h i s ,  o f  c o u r s e ,  i s  a l l  f o r  t h e  a b s o l u t e  z e ro  o f  
t e m p e r a t u r e .  Any f i n i t e  t e m p e r a tu r e  has th e  e f f e c t  o f  
making th e  Fermi s u r f a c e  i n d e f i n i t e  w i t h i n  a range  o f  the 
o r d e r  o f  k T  Hence f o r  IZj~much l a r g e r  th an  th e  s e p a r a t i o n  
of t h e  d i s c r e t e  l e v e l s ,  i . e . ,  , we would e x p e c t  l i t t l e
o r  no o s c i l l a t i o n s .  Even f o r  k T  o f  t h e  same o r d e r  o f  magni­
tu d e  as  th e  s e p a r a t i o n  o f  t h e  l e v e l s ,  the  e f f e c t  shou ld  be 
c o n s i d e r a b l y  d i m in i s h e d .  So even a t  t h i s  e a r l y  s t a g e ,  from 
th e  c o n s i d e r a t i o n s  of t h i s  p a r a g r a p h  and from an e x a m in a t io n  
o f  F i g u r e  1, we can s e e  t h a t  th e  p e r i o d i c  e f f e c t s  w i l l  be
n e g l i g i b l e  u n l e s s  S in c e  fZ i s  1 .3 8 0  x 10”^
_ pn
e r g s  p e r  d e g re e  K e l v in  a n d  (3 i s  1 .855  x 10~ e r g s  p e r  g a u s s ,  
we must  have H f r  g r e a t e r  t h a n  7 .5  x  10^ g a u ss  p e r  d e g r e e  and 
% /H  or the o r d e r  of  x  10**^ e rg  p e r  g a u s s .  For a  f i e l d  o f
1Z
1 0 ,0 0 0  g au ss  we must  th en  have  t e m p e r a t u r e s  o f  t h e  o r d e r  o f
— 16one d e g r e e  K e l v i n ,  ana a Fermi ene rgy  of  Z x  10” e rg s  or 
a b o u t  10~4 e l e c t r o n  v o l t s .  O b v io u s ly ,  the  a v e ra g e  c o n a u c t i o n  
e l e c t r o n s  i n  a  m e ta l  a r e  n o t  going to  f u l f i l l  the  l a s t  con­
d i t i o n ,  -and  we must  lo o k  f o r  a  s p e c i a l  group o f  e l e c t r o n s .
M oreover ,  i f  t h e s e  e l e c t r o n s  have a low e f f e c t i v e  
mass ,  t h e  v a lu e  o f  th e  do u b led  Bohr magneton w i l l  be r a i s e d  
c o r r e s p o n d i n g l y .  The method f o r  i n t r o d u c i n g  an  a n i s o t r o p i c  
e f f e c t i v e  mass i n  t h e  Bohr magneton was a l s o  shown by 
Blackman. For  c a r r i e r s  n e a r  the  boundary o f  a  B r i l l o u i n  
zone,  th e  energy  o f t e n  can be g iv en  a s  a q u a d r a t i c  f u n c t i o n  
o f  t h e  c r y s t a l  momentum by
B *  e  (14)
where a  i s  t h e  energy  a t  th e  buanaury o f  t h e  zone under  
c o n s i d e r a t i o n ,  and th e  p l u s  ana  minus s i g n s  a r e  u sed  fo r  
e l e c t r o n s  and h o l e s  r e s p e c t i v e l y .  This  c o n v e n t io n  w i l l  keep 
t h e  ©tfe p o s i t i v e  f o r  the  h o l e s  s i n c e  fo r  t h i s  type o f  c a r r i e r  
EJ, i s  g r e a t e r  th a n  £ .  We wish  now to  change to  new v a r i ­
a b l e s  fc/A and such  t h a t
and y e t  r e t a i n  th e  u s u a l  commutat ion r e l a t i o n s ,  
This  i s  p o s s i b l e  i f  we s e t
» o i f ^  k x  ate. i t





The sm a l l  e f f e c t i v e  mass and low Fermi energy  have  a 
f u r t h e r  i n t e r e s t i n g  consequence ,  i n  t h e  a b se n c e  o f  a m ag n e t ic
p r o p o r t i o n a l  to  the  t h r e e - h a l v e s  power o f  th e  e f f e c t i v e  mass 
t im es  t h e  o n e - h a l f  power of t h e  ene rg y  ( S e i t z ,  1940,  p .  14*0• 
Hence -the c a r r i e r s  i n  q u e s t i o n  a r e  a s s o c i a t e d  w i t h  a  band 
having  low ene rg y  d e n s i t y  o f  l e v e l s .  Suppose  now t h a t  t h e s e  
p a r t i c u l a r  c a r r i e r s  a r e  due to  an o v e r l a p  w i th  a band o f  much 
g r e a t e r  energy  l e v e l  d e n s i t y .  Then t h e  Fermi l e v e l  w i l l  be 
k e p t  e s s e n t i a l l y  c o n s t a n t  by the  " r e s e r v o i r "  a c t i o n  o f  the  
l a t t e r  band, and  th e  c o n d i t i o n s  f o r  a p p r e c i a b l e  o s c i l l a t i o n s  
i n  number, a f t e r  t h e  manner of  e q u a t i o n  ( 1 3 ) ,  w i l l  be f i l l e d  
by th e  c a r r i e r s  i n  t h e  f i r s t  band.
the  i n t e r a c t i o n s  o f  t h e  e l e c t r o n s  w i th  t h e  i d e a l  s t a t i c  
l a t t i c e .  I n  any r e a l  m e t a l ,  however ,  t h e r e  w i l l  be i m p u r i ­
t i e s  and i m p e r f e c t i o n s  i n  t h e  l a t t i c e ,  as h a s  been shown by 
Robinson (1950) and  Ding le  ( 1 9 3 ^ b ) , t h e s e  have  t h e  same e f f e c t  
a s  r a i s i n g  t h e  t e m p e r a t u r e ,  t h a t  i s  t o  say  th e y  i n t r o d u c e  an  
e f f e c t i v e  t e m p e r a t u r e .  T h is  would seem r e a s o n a b l e  s i n c e  the  
a c t u a l  e f f e c t  of any  f i n i t e  t e m p e r a t u r e  i s  t o  s p o i l  t h e
f i e l d ,  th e  ene rg y  d e n s i t y  o f  the  l e v e l s ,  i . e . ,  i s
V /
The u se  o f  (3 arid V a l lo w  us t o  taKe i n t o  a c c o u n t
1 4
p e r f e c t  r e g u l a r i t y  of  the  s t a t i c  l a t t i c e .  To a p p r e c i a t e
t h i s  e f f e c t ,  we m ust  s e e  how t h e  t e m p e r a tu r e  a f f e c t s  th e
r e s u l t s  a l r e a d y  o b t a i n e d ,  i n  t h i s ,  we w i l l  s o lv e  e q u a t io n
(10) by a method p a r a l l e l i n g  t h a t  used  by Landau (1939) on 
*
e q u a t i o n  (9 ) •
The summation in v o lv e d  i n  i s  e f f e c t e d  by u s in g  
P o i s s o n ' s '  summation f o r m u la ,^
U 7 )
r* -*° °
The term f o r  p = 0 i n t e g r a t e s  s im p ly  to ( V a )  e  / z  Hence t h e
c o n s t a n t  term  i n  th e  e x p r e s s i o n  f o r  th e  number o f  c a r r i e r s
p e r  u n i t  volume becomes
■ i
M 0 =  u s )
For s u f f i c i e n t l y  low t e m p e r a t u r e s  t n i s  re d u c e s  to  t h e  r e s u l t  
q u o te d  p r e v i o u s l y ,  a s  the' - l im i t i n g  Value of th e  z e ro  tem per-t*
a t u r e  cusp  f o r  l a r g e  j
,  u »
For the g e n e r a l  term w i th -  i n t e g r a t i o n  by p a r t s
g iv e s
R. Couran t  and D. H i l b e r t ,  Methods of  M a th em a t ica l  
P h y s i c s . ( I n t e r s c i e n c e  ir*ublishees I n c . ,  New ifork,  19 53 ) ,  
f i r s t  E n g l i s h  e d i t i o n ,  Vol. 1 ,  p . 76.
I ’iLdi Jtoto&raji. Stoli Go. i ' j J - i . i i  t o  — .* toox— totoai, i. -'IT to e  SeSS
WAue..”e f » 0  „ o /  t o e  s a a s t o t o t l G a s= 2 w p (e~ £ ) z £j‘C toie e _ se
f > < 0  r itae earjreSjpiGajiiEiig sjiSstLa. juiitLij'ia i s  s = - 2 r f C « - t >  Maiifiinig 
ttoese s'JitssttitbJittiiu'HSj, we GGfcadLa i  ■̂ r
ijp 6
aimd f a r  <p4L0» _
|aW Â ipt̂  a |= ^ <P* ia)
fto toie^toxs ifli e-sStolto n,.to]) to<a i-iaefcieiui i-ii) e^a 5e givea
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la  tternms ©if toe FresasuL Juace&u's-jis. ttoe iaE.egtoJ. la  e^aeciGa 
i^.'U)) jm=./ ae givea as c - t S  jouii toe lJiSigi'j. ia  e Ĵiiiatiwa (1,2 1 ) 
i s  Ttoeiro I t  ia. essoS-ii-jP asssaiiee toe.!* £  i s  lar^s eaeagini
s s  ttoetL we Hisy  s s s  toe  VaS.ee a g t  «sn i a a i a i G e  ctii'gjjnieaiG. l a  
tLiGULS ajunii to e . mtogGoJLs aecooie • A ±  ‘ A -
(ff^ ^   ̂ UK saga iaetos ^ias ©e mauass eeeyimliaig, as
2*■3. i ia te ice  ajua. F .  BSnuie, 'ffe tales ©fiT Fumnefeioas, ([iiki-ver
i - s a l l e s t i o a s ,  iBlew jfferie, f». 3>.
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tn e  s i g n  o f  t h e  e x p o n e n t i a l  i s  p l u s  o r  minus .  Thus th e  terms 
l o r  ^ > 0  make a c o n t r i b u t i o n  to  Of
Z { - b f { -  e ^ i ( z T r f €  - i r / f l  m
ana t n e  terms f o r  ■f?<0 make a c o n t r i b u t i o n  o f
i f  we r e w r i t e  e q u a t i o n  ^ 3 )  i n  such  a wa.y i*s to  make f> 0  , 
we o b t a i n
U 3 a )
combining  e q u a t i o n s  ( 1 7 ) ,  ( l y ) , (2 2 ) ,  una ( 2 3 a ) ,  ana  s u b s t i ­
t u t i n g  i n  e q u a t i o n  (12)
^ N o - A ( W ? A J ? h ) P  i z j q f r  x
( 24)
i n  e v a l u a t i n g  tn e  i n t e g r a l s  a p p e a r in g  i n  e q u a t i o n  
( 2 4 ) ,  we c o n s i d e r  t h e  e x p r e s s i o n  fo r
d * _  d- I __ erXi£(6~<QM .
d6~~ I + 0X|°E?-6y<S ©
w a e re  y =  C ( * - W  T h i s ,• however,  eu.u be w r i t t e n  a s
Srm ©• e3^
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L e t  us til-in w r i t e  t n e  ^Uc*ntity a p p o a r i  ng in  t n e  sq u a r e  b r a c k e t s
i n  e q u a t i o n  (C4 ) a s
.©»
60/&
" *  r-lTr.DQ'X r  A . / . O - Z  U 5 )
©xpE-A(?7rp^o“  J J J  f  df*e2lT^ 0*  [ a o ^ w c / 0
” ^0/©
S in c e  W « =  6 > / faT i s  much g r e a t e r  tnaii  one,  we r e p l a c e  
t h e  lo w e r  l i m i t s  on t h e s e  i n t e g r a l s  by minus i n f i n i t y .  Both 
i n t e g r a l s  now have th e  form of C o u r i e r  i n t e g r a l s ,  and e ac h  
one i s  e q u a l^  to  where x = 2 t t ^  T tf - k r /a H  .
S u b s t i t u t i n g  t h e s e  i n  e q u a t io n  ( ^ 4 ) ,  we f i n a l l y  o b t a i n  fo r  
th e  number o f  c a r r i e r s  us a  f u n c t i o n  o f  t e m p e r a t u r e  and 
a p p l i e d  m ag n e t ic  f i e l a ,
N -  U 6 ,
a s  b e f o r e ,  the  e f f e c t  o f  th e  l a t t i c e  i s  t a k e n  i n t o  
c u n s i u e r a t i o n  by t h e  use  o f  anu . i n  some c a s e s
^Schoenberg ,  1V4^) i t  w i l l  be founa t h a t  more than  one group 
o f  e l e c t r o n s  c o n t r i b u t e  to  the e f f e c t s  c o n s i d e r e d ,  ana  we 
w i l l  th en  have  to sum o v e r  the  V a r io u s  ^ . I n  most  c a s e s  
o f  i n t e r e s t  i t  w i l l  be s u i f i c i e n t  to r e t a i n  only  t h e  f i r s t  
term o f  th e  summation i n  e q u a t io n  . Moreover ,  s i n c e  %
i  s sm a l l  2 lt7 fcT< <  We niuy r e p l a c e
^G. n .  Campbell  Qnu rt. M. f o s t e r ,  F o u r i e r  I n t e g r a l s  
Oio p u b l i s h e r ,  194-0 Eq. 6u7.cS, Table  1 .
e x r f - X W / p U )
Making t h e s e  two a p p r o x i m a t i o n s ,  and s u b s t i t u t i n g  f o r  A from 
page 7, we f in d
The above c a l c u l a t i o n  o f  N  , s i m i l a r  m a t h e m a t i c a l l y
to  L a n d a u ' s  c a l c u l a t i o n  of  t h e  f r e e  e nergy  p e r  u n i t  volume,
i n v o l v e s  no new p h y s i c a l  a s su m p t io n s  o v e r  the  work o f
BlaCKman p r e v i o u s l y  c i t e d .  Tne m a in  a s s u m p t i o n  h e r e  i s  t h a t
the  energy  of t h e  c a r r i e r s  i n  t h e  a b se n c e  o f  a m agne t ic  f i e l d
c a n  be r e p r e s e n t e u  oy  a n  e q u a t i o n  x i x s  e q u a t i o n  ( 1 4 ) ,  and
t n a t  tne  p r e s e n c e  of t n «  m ag n e t ic  f i e x u  has  l i t t l e  e f f e c t  on
th e  sone s t r u c t u r e  of tne  metal anu does  n o t  c a u se  a s i g -
4xi ig icant-  number o f  t r a n s i t i o n s  oetween tne bands .  Our
r e s u x t  f o r  tne o s c i l l a t o r y  term i n / y  i s  i u e n t i c a l  w i th  t h a t  
o f  xi ingle ^xyjj/ia) , o b t a i n e u  oy a somewhat u i i  f e r e n t  metnoa.
i n  t n i s  e x t e n s i o n  to  f i n i t e  t e m p e r a t u r e s .  The seco nd ,  t h a t  
o f  r e p l a c i n g  th e  low er  l i m i t  of t n e  i n t e g r a l s  i n  e q u a t i o n  
( •o )  Oy minus i n f i n i t y ,  i s  l a r g e l y  a m a t t e r  o f  c o nv en ien ce .  
Moreover u s  we s h a l l  s e e ,  t h i s  a p p ro x im a t io n  i s  r a t h e r  a
f o r  o t h e r  m e ta l s  showing tha  o s c i l l a t i n g  e f f e c t s  (S choenberg ,  
x ^ v )  • The f i r s t  a s su m p t io n  unue i n  t n i s  u e r i v a t i o n  i s  no t
Two m a th e m a t i c a l  a s su m p t io n s  have been made, however,
good one, bismuth  and even h i g h e r
^"For a c r i t i c i s m  o f  t h i s  a s s u m p t io n ,  s e e  Adams
( 1 7 5 3 ) •
so easy  t o  s u p p o r t  and the  f a i l u r e  o f  t h i s  a ssu m p t io n  l e a d s  
to  much g r a v e r  consequexices . i t  w i l l  be remembered t h a t  in  
e v a l u a t i n g  the  F r e s n e l  i n t e g r a l s ,  we r e p l a c e d  the  upper  l i m i t
C o n s id e r in g  t h a t ,  i n  m*ny c a s e s ,  t h e  Value o f  th e  argument  may
1 / 4  the  a m p l i tu d e  w i l l  a p p ro a c h  ze ro  m o n o to n i c a l l y  us €  
a p p ro a ch e s  z e r o .  The e f f e c t s  aue to  t h i s  a s s u m p t io n ,  i n t r o ­
duced by Landau,  a r e  u s u a l l y  i g n o r e d ,  a l t h o u g h  D ing le  (1952a) 
and f tobinson (1950) u se  a sy m p to t i c  e x p an s io n s  f o r  t h e  F r e s n e l  
i n t e g r a l  which  p a r t l y  t a k e  t h i s  i n t o  acp o u n t .
I t  might be th o u g h t  t h a t  the  e f f e c t  of t h e  e l e c t r o n  
s p i n  shou ld  be i n c i u u e a  i n  th e  c a l c u l a t i o n s .  N e g l e c t i n g  
exchange and c o r r e l a t i o n  e f i e c t s ,  tn e  s p i n  con oe very  
s im p ly  i n c l u d e d  i n  the t h e o r y  by means oL t h e  formula
where i s  h e r e  th e  t r u e  Bohr magneton.  A moments c o n s i d e r ­
a t i o n  w i l l  show t h a t  t h i s  w i n  g iv e  us d i r e c t l y
W ( e S " ) }  (28)
Tnus f o r  the  c a s e  of f r e e  e l e c t r o n s ,  or  e l e c t r o n s  w i th  an
by i n f i n i t y .  T h i s  r e s u l t e d  i n  ^n a m p l i tu d e  f o r G “ t S  o f -" '
can run from aboutbe as  "low a s  one ,  th e  a m p l i tu d e  of 
to  -T/i-  T his  Value  w i l l  o s c i l l a t e  as  6 v a r i e s ,  ap p ro a ch in g  
—v iq  as  4  a p p ro a c h e s  i n f i n i t y ,  r o r  V alues  o f  £  l e s s  th a n
effective mass of a b o u t  one e l e c t r o n  mass u n i t ,  nv w i l l  become 
^  or t te re  w i l l  be .a ph a se  change o f  It" i n  a l l  o f  t h e  
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oud terms o f  e q u a t i o n  ( 2 6 ) which w i l l  r e s u l t  i n  th e  c o e f ­
f i c i e n t  o f  a l l  te rm s  being  p o s i t i v e .  Fof  our  s p e c i a l
l e v e l s  due t o  s p i n  w i l l  be n e g l i g i b l e  i n  com par ison  to  the  
s e p a r a t i o n  o f  t h e  l e v e l s .  To p rove  t h i s ,  we n o t e  t h a t  under  
tne  i n c l u s i o n  o f  s p i n ,  the  s in e  term i n  e l a t i o n  ( 2 6 ) be­
comes
of  s p i n  i s  to  m u l t i p l y  each  term i n  the  summation i n  e q u a t io n
e s t  can be r e p l a c e d  by one.
Thus g r a n t i n g  t h e  V a i i u i t y  o f  o u r  i n i t i a l  a s s u m p t io n s ,
i . e . ,  t h o s e  of BlacKman and Lunuuu p l u s  th e  a s su m p t io n  t h a t
page 13,  e q u a t i o n  ( 2 6 ) w i l l  be v a l i d  f o r  a l l  c a s e s  o f  i n t e r ­
e s t ,  e x c e p t  f o r  t h e  q u e s t i o n  of the  phase  o f  t h e  o s c i l l a t i o n s ,  
d i n c e  we w i l l  be p r i m a r i l y  i n t e r e s t e d  i n  comparing t h e  p h a ses  
o f  th e  o s c i l l a t i o n s  i n  th e  d i f f e r e n t  e f f e c t s  d u e - t o  the  
o s c i l l a t i o n s  i n  N ,  we s h a l l  h e n c e f o r t h  beg t h i s  q u e s t i o n .
The e x t e n t  o f  t h e  v a l i d i t y  o f  the  a p p ro x im a t io n  in v o lv e d  i n  
n e g l e c t i n g  a l l  b u t  the  f i r s t  term of  the  s e r i e s  i n  e q u a t io n  
^ o )  i s  shown i n  F i g u r e s  and o. Here a r e  p l o t t e d ,  fo r  th e
4
e l e c t r o n s ,  however ,  anu th e  s p l i t t i n g  o f  t h e  energy
which  upon e x p a n s io n  oecomes
S)h! U v )
th e  second term i s  n e g i i g i o l e ,  and so th e  e f f e c t
which i n  a i±  c a s e s  o f  i n t e r -
t s0 i s  h e l d  c o n s t a n t  by some mechanism such a s  d e s c r i b e d  on
VO









c a s e  whore i s  e ^ u a l  to  2 . 4  x 1 0 ”^  e rg s  p e r  gau ss  and
So  e q u a l s  2 .y  x lO- " ^  e r g s ,  t h e  f i r s t  te rm  and the  sum o f  th e
f i r s t  two terms i n  the  e x p r e s s i o n  f o r  N ,  f o r  t e m p e r a t u r e s
of 1 .3  and  4 . 2  d e g r e e s  K e l v in  r e s p e c t i v e l y . F i g u r e  4 i s  a
p l o t  of e q u a t i o n  (27) f o r  b i sm uth  when t h e  m agne t ic  f i e l d  i s
a t  r i g h t  a n g l e s  t o  bo th  th e  p r i n c i p a l  a x i s  and  t h e  b i n a r y
a x i s .  I n  t h i s  c a se  (S choenberg ,  1 ^4 9 ) ,  the  Fermi energy  i s
2 .y x 1 0 “^  e r g s  and t h r e e  s p e c i a l  g ro u ps  o f  c a r r i e r s  a r e
—18p r e s e n t ,  one w i th  an e f f e c t i v e  Bohr magneton o f  2 . 4  x  10
—18and two w i th  e f f e c t i v e  Bohr magnetons o f  1 . 2  x  10“ erg 










The f i r s t  a t t e m p t s  to  e x p l a i n  many o f  th e  e l e c t r i c a l  
anu th e rm a l  p r o p e r t i e s  o f  m e t a i s ,  f o r  example th e  c o n d u c t i ­
v i t i e s  ana  th e  t r a n s v e r s e  e f f e c t s  i n  m ag n e t ic  f i e l d s ,  were
made on th e  b a s i s  o f  th e  k i n e t i c  th e o ry  o f  g a se s  and the
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Boltzmann t r a n s p o r t  e q u a t i o n  , as  a p p l i e u  to  th e  e l e c t r o n s  
I n '  the  m e t a l s ,  a t  f i r s t ,  the  e l e c t r o n s  were t r e a t e d  as  i f  . 
they  were p e r f e c t l y  f r e e ,  e x c e p t  inasmuch as  th ey  were con­
f i n e d  to  th e  m e ta l  by a p o t e n t i a l  a t  t h e  w a l l s .  I t  was 
assumed t h a t  t h e r e  were zn e l e c t r o n s  p e r  u n i t  volume, where 
z was the  v a le n c y  o f  t h e  m e ta l  and n t h e  number o f  atoms 
p e r  u n i t  volume, anu t h a t  t h e  e l e c t r o n  gas so formed obeyed 
Maxwell-Boltzmann s t a t i s t i c s .  The v a r i o u s  s u c c e s s e s  and 
f a i l u r e s  o f  t h i s  a p p ro a c h  a r e  w e l l  known ( s e e  S e i t z ,  1 9 4 .O) .
The a p p l i c a t i o n  o f  quantum m echan ics  to  the  prob lem  o f  
e l e c t r o n s  i n  m e t a l s  a l lo w e d  th e  r e v i s i o n  o f  th e  th e o ry  i n  such  
a way a s  to  g iv e  much b e t t e r  agreement  w i th  e x p e r im e n t .
B e s id e s  n e c e s s i t a t i n g  t n e  i n t r o d u c t i o n  o f  P e rm i-D ira c  s t a ­
t i s t i c s ,  th e  r e s u l t s  of  a quantum m e c h a n ic a l  i n v e s t i g a t i o n  
showed t h a t  the a s su m p t io n  oi zn f r e e  e l e c t r o n s  was a po o r  
a p p ro x im a t io n ,  e x c e p t  fo r  c e r t a i n  c a s e s  i n  the a l k a l i  m e t a l s ,  
a l s o  fo r  the  m u l t i v a l e n t  m e t a l s ,  anu p a r t i c u l a r l y  f o r  t h e  so -  
c a l l e d  s e m i - m e ta l s  l i k e  b ism uth  anu g r a p h i t e ,  the  energy  i s
1 5 c f .  C h d p te r  IV
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n u t  -  s im p le  f u n c t i o n  o f  th e  momentum. i n  t r iese  c a s e s ,  i t  
Was then  n e c e s s a r y  to  i n t r o u u c e  tne  co ncep t  o f  e f f e c t i v e  mass 
i n  tn e  nope t h a t  tne  energy  c o u ia  be r e p r e s e n t o a  by an 
e q u a t i o n  o f  t n e  form o f  e q u a t i o n  ( 1 4 ) .  Even t n i s  energy  
uupenaence  i s  too o o m p i ic a te u  to f i t  e a s i l y  w i t h in  th e  
frameworic o f  t h e  t r a n s p o r t  e q u a t i o n ,  ana  one had to  be 
s a t i s f i e d  w i tn  assuming s p h e r i c a l  energy  s u r f a c e s ,  i . e . ,  one 
assumed t h e  r e c i p r o c a l  mass t e n s o r  was d i a g o n a l  w i th
For many e f f e c t s ,  aucn  a s  th e  e l e c t r i c a l  and th e rm a l  
c o n d u c t i v i t i e s  i n  t h e  absence o f  a m ag n e t ic  f i e l d ,  t h e  one
s ta i iu in g  o f  a i l  phenomena o b s e r v e u .  I n  tn e  f i n a l  a n a l y s i s ,  
t n i s  i s  uue to  th e  fa c t  t h a t  t n e  c c n d u c t i v i t i e s  depend 
e s s e n t i a l l y  on th e  endure  o f  t n e  g r a d i e n t  i n  sp a c e  o f  trie 
e n e rg y ,  o t h e r  phenomena, such  as  tn e  t i a l i  e f f e c t ,  a r e  found 
to  uepena  011 the  f i r s t  power u i  t n e  s-econu d e r i v a t i v e  o f  the  
energy  w i th  r e s p e c t  to t n e  WaVe numoer & ,  I n  t h e s e  c a s e s ,  
the d i f f e r e n t i a l  geometry o f  tn e  s u r f a c e s  o f  c o n s t a n t  
energy  becomes most i m p o r t a n t .  E in c e ,  a t  t h e  p r e s e n t  s t a t e  
of  the  th e o ry  of  m e t a l s ,  i t  i s  i m p o s s i b l e  t o  g iv e  a  d e t a i l e d  
a n a l y s i s  o f  t h e  shape  o f  th e  s u r f a c e s  o f  c o n s t a n t  e n e rg y ,  i t  
becomes n e c e s s a r y  to c o n s i d e r  tn e  s i m p l e s t  mouel which a l l o w s  
f o r  oo th  p o s i t i v e  anu n--6 ativ~- seconu d e r i v a t i v e s .  T h is  
model i s  tne  i s o t r o p i c  ttfo Oaiiu m ode i , where i n  tne  f i r s t
^ 11= °6z.-
banu mouel,  where i s  s u f f i c i e n t  f o r  an under-
27
and f o r  t h e  seco n d ,  o r  i n v e r t e d ,  Dana
(31)
I n  t h i s  c a s e ,  0 ^ i s  some s u i t a b l e  a v e ra g e  o v e r  the  s u r f a c e s  
o f  p o s i t i v e  c u r v a t u r e ,  and 0^. i s  t n e  a v e ra g e  f o r  s u r f a c e s  o f
f a r  from th e  a c t u a l  p h y s i c a l  s i t u a t i o n ,  but  i t  sh o u ld  r e p r o ­
duce  t h e  g e n e r a l  t r e n d  f o r  many e f f e c t s  t h a t  we m ig h t iw i s h  
to  c o n s i d e r ,  a n i s o t r o p i c  e f f e c t s  c a n n o t ,  o f  c o u r s e ,  be 
u n d e r s t o o d  on t h e  b a s i s  o f  t h i s  model ,  and even i n  i s o ­
t r o p i c  e f f e c t s ,  th e  p a r a m e t e r s  o b t a i n e d  c an n o t  be r e g a r d e d  
as  an e x a c t  d e s c r i p t i o n  f o r  a l l  o f  t h e  c a r r i e r s  c o n ce rn e d .
I f  we assume t h a t  t i ie  mean f r e e  t im e  between c o l l i s i o n s
fo l lo w in g  fo rm ulae  f o r  t n e  c u i u u c t i v i t y ,  and th e  H a l l
i n  t h e  f i r s t  band and the  n um b er .o f  h o l e s  i n  th e  second band 
r e s p e c t i v e l y .
by th e  use  o f  the  t r a n s p o r t  e q u a t io n  w i th  a p p r o p r i a t e  modi-  . 
f i c a t i o n s  for  quantum m ec h an ica l  e f f e c t s ,  t h e  a u th o r  h a s  
found a s e m i - c l a s s i c a l  t r e a tm e n t  which l e a d s  t o  t h e  same r e ­
s u l t s .  quantum e f f e c t s  a r e  i n t r o d u c e d  o n ly  i n d i r e c t l y  th ro u g h  
tn e  use  o f  e f f e c t i v e  masses as  th e  r a t i o  o f  t h e  a p p l i e d  f o r c e
n e g a t i v e  c u r v a t u r e .  Such a model w i l l  a lm o s t  c e r t a i n l y  'be-
i s  c o n s t a n t ,  Z x , f o r  each o f  the oands,  we o b t a i n  th e
c o e f f i c i e n t , P* (W ilson ,  ly p ;0  .
( 3-0
0 3 )
III, and Mt-a r e  th e  number o f  e l e c c r o n s  p e r  u n i t  volume
A l though  t h e  u su a l  d e r i v a t i o n  o f  t h e s e  fo rm u lae  i s
2 8
to  t h e  a c c e l e r a t i o n .  M oreover ,  t h e  a b se n c e  o f  i n t e g r a l s  
o v e r  th e  Fermi s u r f a c e  p e r m i t s  tn e  use  o f  a n i s o t r o p i c  e f ­
f e c t i v e  m asses .  For s i m p l i c i t y  we s h a l l  t r e a t  o n ly  th e  
i s o t r o p i c  c a s e  h e r e ,  i n d i c a t i n g  th e  changes  a n i s o t r o p i c  
e f f e c t i v e  masses  would have .
Assuming t h a t  , t h e  p r o d u c t  o f  t h e  d r i f t  v e l o c i t y
of  t h e  e l e c t r o n s  i n  th e  ^ d i r e c t i o n  and th e  m ag n e t ic  f i e l d  
i n  the  *£■ d i r e c t i o n ,  can  be n e g l e c t e d ,  th e  f o r c e  i n  the 
d i r e c t i o n  i s  t n a t  due to  t h e  e l e c t r i c  f i e l d  £ x  • T h is  g i v e s  
r i s e  to  on a c c e l e r a t i o n  o f  — , and an a v e r a g e  d r i f t
v e l o c i t y  o f  S i m i l a r l y ,  th e  a v e r a g e  v e l o c i t y
o f  th e  h o l e s  i s  & & ( & ■ / The c u r r e n t  w i l l  t h e n  be
"/■ M.& (34)
o r
p r  (  ̂  V  (A * * ) 7 ^ *  ( 3 5 )
Tnus the  e l e c t r i c a l  c o n d u c t i v i t y ,  j t ,  i s  a s  g iv e n  by
e q u a t io n  {32) .
The a c c e l e r a t i o n  i n  t h e  u i r e c t i o n  w i l l  be
fo r  t h e  e l e c t r o n s  and 
f o r  t h e  h o l e s .  Thus
(fli0if ’~ ~ ^
I f  t h e  H a l l  c u r r e n t  ^ * 0  , we f i n d
r __ _  Ay*/*'- AW : <Stif
S '  (" p it-h  t k - t y  m  c  0  )
S u b s t i t u t i n g  f o r  from e q u a t i o n  (.35), t h i s  becomes,
The H a l l  c o e f f i c i e n t ,  , i s  th en  t h a t  g iv en  by
e q u a t io n  ( 3 3 ) .  The e x t e n s i o n  to  a n i s o t r o p i c  e f f e c t i v e  masses  
i s  s t r a i g h t f o r w a r d ,  and g i v e s
K 6 c QfjOfft •/* blzP^V^Ml (39)
O b s io u s ly ,  t n i s  a e n v u t i o n  i s  no D e t t e r  or worse,  a s  
r e g a r d s  n e c e s s a r y  a s s u m p t io n s ,  than  the a s d a l  quantum me- 
c i i a n ic u l  d e r i v a t i o n .  tfe a r e  l i m i t e d  oy th e  a ssu m pt ion s  t h a t  
must  be made, t o  pu t  th e  problem i n  a s o l u b l e  form. For  ex­
ample, we have  hau t o  assume a c o l l i s i o n  t ime which i s  a 
c o n s t a n t  f o r  bo th  bunas ,  a l t h o u g h  i t  i s  t r u e  i n  s p e c i a l  
c a s e s  t h a t  'tf i s  i n u e p e n a e n t  of  v e l o c i t y  i n  e i t h e r  band 
(Mott and J o n e s ,  1936, p\ <iJ6 ) , t n e r e  i s  no r e a s o n  to  e x p e c t  
i t  i s  th e  same f o r  b o th  bunas.  Wor have we c o n s i d e r e d  the  
p o s s i b i l i t y  o f  t r a n s i t i o n s  between the  bands .  The a p p r o x i ­
m at ion  t h a t  i s  n e g l i g i b l e  l i m i t s  th e  v a l i d i t y  o f  the
r e s u l t s  to  v e ry  low f i e l d s ,  i f  we remove t h i s  a s su m p t io n  
b u t  l i m i t  o u r s e l v e s  t o  tne i s o t r o p i c  c a s e ,  the  H a l l  c o e f ­
f i c i e n t  becomes
•2 . / /„ L*~
l_
CC , AiA. f _  f t  ( » & ■ _ ( 40)
wnere a im  ( & •  i c  i s  seen  t h a t
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e q u a t i o n  ( 3 b) i s  a c t u a l l y  tne  ^ero  l i e l u  a p p ro x im a t io n  to th e  
Haxi c o e f f i c i e n t .  ixi tn u  c a s^  wnoro R. i s  g iv en  by eviUation 
i ^ o ) ,  the  c o n d u c t i v i t y  becomes
s h a , i H&*. t -  r j is '£  _  J 2
ic-s U H "A ) M<m c1v  U K " A ?  a »»0  /_  ,o -----------— ------  — -------—  m  ^4 i ;
I M pk _
1 1 ’ &{'& and a r e  tak e n  to  be much s m a l l e r  t h a n  one,  
e q u a t io n  ■ ( 4 O) assumes t h e  form
„ __ 1 NA?—N **t . ,
where K  i s  a f u n c t i o n  ol’ t n e  ximnoer ol’ e l e c t r o n s  i n  each  
buna,  t n e i r  e f f e c t i v e  a u s s c e ,  axxu t n e  mean f r e e  time between 
c o l l i s i o n s .  T h is  shows t h a t  t h e  Huix c o e f f i c i e n t  shou ld  i n ­
c r e a s e  i n  a b s o l u t e  v a iu e  w i t h  i n c r e a s i n g  m ag n e t ic  f i e l d .
I t  shou ld  be em phas ised  t h a t  th e  v a r i o u s  p a r a m e te r s  
which c h a r a c t e r i s e  the  c a r r i e r s  i n  tile p re c e d in g  e q u a t io n s  
nave l i t t l e  meaning o u t s i u e  of  trie  e q u a t io n s  th e m s e lv e s ,  a t  
b e s t ,  the e f f e c t i v e  m asses  a r e  on iy  a v e r a g e s  o v e r  the  Fermi 
s u r l a c e ,  and a s su m p t io n s  such  as  t h e  e q u a l i t y  o f  0? f o r  th e  
two bands w i l l  be r e f l e c t e u  i n  the v a lu e s  f o r  t h e  m asses .
Thus ,  i t  i s  i m p o s s i b l e  a t  p r e s e n t  t o  o b t a i n  d e t a i l e d  i n f o r ­
m a t io n  a b o u t  tne  Fermi s u r f a c e  from tne  u s u a l  measurements  
o f  the  m u g n e to re s i s  t a n c e  and th e  H a i l  e f f e c t .
l o t ,  a l t h o u g h  th e  s p e c i a l  c a r r i e r s  0 1  C h a p te r  11 may 
occupy o n ly  a  p o r t i o n  o f  one band, we may s t i l l  o b t a i n  some 
i n f o t  i iu t i o n  about  tnern i rorn nugne to  r e s i s t a n c e  ana H a l l  
c i f e c t  m ea su rem en ts ,  f o r  a x i r a t  a p p r o x im a t io n ,  t h e s e '
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.. i' * * X t/ i t  i  u( O . U v. »j J 1 o* i -* J  i • i in  m v * *j j j  — v* X *.* .L j A-* i i d • lliO
'Ji i vO tj d T/i./ .Li. *. Cii'vj i ou c .. 1 •- «. o *» i/ii -fi c*.i.j (J ( 1 D'jU \j O  Oil 0
j n.v t' OtJtUCi • -lilJ. w J i iiJ-̂ y i/ v x i. b —- J. >-* l LI V-'Iij i> ii'-» t> L d
l i iu i  pi. d tUr t z  y btiL lU Vx civ* v L on ~  iitrc* oti oi. tii ̂
ol i L-' O 1 111 — O 4-4-i‘ y ti 11 W -p j y L* O t_4 d il 1 UJ wl u l t'v1 il-'. l *. c*"i 1t*
t i i  i J  OU/1 d i  ol'- 1*— u l  V'ii •
Cl ^  S l lt^L  L . id  d . * t i_y « ^ u i‘o' l i  - 1 J .  *-n-p i ' U A i l i l o  o l  v-*ii ov, o i i e
o i. 't • Li il t* oXV X C J  j  C. d *j- t l  LJ11 t d »w j  } ui id O i i d Li o*l X OOLiillCl v3I i C j
e q u a t io n  0 3 )  • Tl'iO UUVaXlt «*(,Bb I'l c^Uu t i  L'Xi (>?) «*t t h i s  p o i n t
ai'^j s l i g n t ,  axiu vvuuia o-r i , / c i 6ii«a by Uxe u is a u v a n tu g e s
a t t e n d a n t  upon a u c iu s i e n  oi aoeux'aoy. x^ext, wo s h a l l  assume 
t h a t  e i t h e r  N ,  )  tiie number o i e l e c t r o n s  in  th e  i ' i r s t  band 
p= r u n i t  volum e, o r  /V^ j. tixo number o l  h o le s  i n  the  second  
Outiu p e r  u n i t  volume, ahow one o s c i l l a t i o n s  o f  e q u a t io n  (27) .
Tiiuirf i d  z o  in  *. iV- Uuiiia oii*w .iaiiiutri* i'l Cut’ri(? r s  w i l l  Vury
i ll  oil uilj llL~ &lkj ZX c  11.. Id aliJ^ w*. xii ,  Iw'Cinulu
A / -  A t -  nsihfar  ( E / p * / / ) - V i 7 U 3 )
cVni*i*'w fl id *t s lo w ly  v*.%t ' y i c x i * M  iiici^ijctiu iio lc i*  
The c o n d u c t iv i ty  uupauao a i x v e t i y  on /V, ana > 
hav ing  a maximum wnen txx^y e r e  -  maximum ana a minimum when 
tuey - r e  a  minimum. Tne ecna «e t i v i t y  «»iii tnen be a maximum
when 2 i r ( & / 0 ) - V A  ^  ' ^ h  i •■ 1 u ,
2ir is 7^/4' 'M*X|» • 1“ tUl.um... sil .1.1 o c c u r  >uxcxx
( & o j & * n )  iu  l l l / l  •j-Xf'iT . i i . r  n - i i  coei .  l i c i e n t  v a r i e s  a s  
—* Mj-Uiu eS  '/" / /̂i. • U - i i - ' e ,  11 / X, l*-> tUe  e s c i l l a t i n g  ^ U a l i t i t y ,
tut; a s c i  i i i t i o u s  i n  t-xre h - i i  c o e i  f i c i e n t  w i l l  be  i n  px ias e  
a i  uii iiiiu' i iwj_d uu uia i .u . t iv i i .b  i i i  wii— vvjiicmc t i v i z y  • l i  i t  i s
32
t h e  e l e c t r o n s  whose number,  /V; , o s c i l l a t e s  a p p r e c i a b l y ,  th e  
o s c i l l a t i o n s  i n  t h e  H a l l  c o e f f i c i e n t  w i l l  be 7T o u t  o f  phase  
w i th  t h o s e  in  t h e  c o n d u c t i v i t y ,  the  maxima o c c u r in g  a t
I n  t h e  c a s e  o f  t h e  m agn e t ic  s u s c e p t i b i l i t y ,  D in g le  
has  p o i n t e d  o u t  t h a t ,  e x c e p t  Lor v e ry  l a r g e  m ag n e t ic  f i e l d s ,  
the s u s c e p t i b i l i t y  o s c i l l a t i o n s  w i l l  be g i v e n  by the Landau
r e s u l t  i s  based  on th e  fa c t  t h a t  i f  t h e  number o f  e l e c t r o n s  
i s  c o n s i d e r e d  t o  v a r y ,  tne  s u s c e p t i b i l i t y  i s  n o t  g iv en  by the  
u s u a l  formula
I n  t h i s  c a s e ,  th e  s u s c e p t i b i l i t y  c o n t a i n s  an  o s c i l l a t i n g  
term
e x p e c t  the  o s c i l l a t i o n s  i n  the ma&n e t i o  s u s c e p t i b i l i t y  to  be 
i n  p h a se  w i th  th o se  i n  th e  conaue t i v i t y .
c a r r i e r s  a s  th e  s p e c i a l  band,  the  t o t a l  number o f  c a r r i e r s  
oi t h a t  type w i l l  remain c o n s t a n t .  The f r e e  e n e rg y  w i l l  
change a s  the c a r r i e r s  move from one sys tem  o f  energy  l e v e l s  
t o  t h e  o t h e r ,  ana t h e  change shou ld  c o n t a i n  a  term depend ing  
d i r e c t l y  on th e  change i n  tne  number o f  c a r r i e r s .  The
Orr (& ,/(?»} = (3 1 T /0  + a n r  anu tne minima a t
C f c t t /fefi ft) ® ( j ^ h )  + ,2 n r




where A-jt i s  a  s lo w ly  V a r y i n g  f u n c t i o n  o f  fj  . Thus we sh o u ld
However, i f  t h e  r e s e r v o i r  c o n t a i n s  the  same ty pe  o f
s u s c e p t i b i l i t y  would th en  c o n t a i n  a  term  p r o p o r t i o n a l  to  
— 3N/d-H , or
-  c o s ( a ^  -  ^  ( 4 6 )
Hence t h e  m agnetic  s u s c e p t i b i l i t y  w i l l  be a  maximum a t
2 r r f & /p * H ) - S T /<  + 2 ^ t  .
To summarize!  i f  the s p e c i a l  c a r r i e r s  a r e  e l e c t r o n s ,  
th e  f i e l d  o s c i l l a t i o n s  i n  the c o n d u c t i v i t y  and H a l l  c o e f ­
f i c i e n t  w i l l  be f T o u t  of  phase  c o n s i d e r  a l l  c u rv e s  to  be 
p l o t t e d  a g a i n s t  I/!*!)* i f  t h e  s p e c i a l  c a r r i e r s  a r e  h o l e s  th e  
f i e l d  o s c i l l a t i o n s  i n  the  c o n d u c t i v i t y  and the  H a l l  c o e f -  
l i c i e n t  w i l l  be i n  phase .  I n  e i t h e r  c a s e ,  t h e  o s c i l l a t i o n s  
‘' i n  t h e  magnetic  s u s c e p t i b i l i t y  wilj.  e i t h e r  l e a d  th o se  i n  
the  c o n d u c t i v i t y  by ir /z  o r  be e x a c t l y  i n  phase  w i th  them, 
depending  on th e  n a t u r e  of t h e  r e s e r v o i r ,  t h a t  i s ,  on w he ther  
we use  e q u a t i o n  (45 ) or e q u a t i o n  ( 4 6 ) .  Two p o i n t s  about  
s i g n s  sh ou ld  be n o t e d .  F i r s t ,  by minimum we mean t h e  most  
n e g a t i v e  v a lu e  o r  l e a s t  p o s i t i v e  v a l u e .  Second,  th e  H a l l  
c o e f f i c i e n t  i s  so d e f i n e d  t h a t  i t  has  a n e g a t i v e  v a lu e  f o r  
p r e d o m in a te ly  e l e c t r o n  c o n d u c t io n ,  ana th e  s i g n  o f  the  
m agne t ic  s u s c e p t i b i l i t y  i s  n e g a t i v e  f o r  d ia m a g n e t ic  m a t e r i a l s .  
I n  t n e s e  c a s e s  t h e n ,  a minimum cor r e sp o n d s  to  a  maximum i n  
the  a b s o l u t e  v a lu e .
The above  r e s u l t s  have been d e r i v e d  on the  b a s i s  of  
q u e s t i o n a b l e  fo rm u la e  f o r  the  e f f e c t s  c o n s i d e r e d .  I n  p a r ­
t i c u l a r ,  ou r  a s s e r t i o n s  a b o u t  t n e  phase  of th e  m agne t ic  
s u s c e p t i b i l i t y  o s c i l l a t i o n s  sh o u ld  be th o r o u g h ly  examinedi
and th e  e x p r e s s i o n s  u se d  fo r  the  c o n d u c t i v i t y  and th e  H a l l  
c o e f f i c i e n t  c e r t a i n l y  a r e  n o t  e x a c t  fo r  th e  a n i s o t r o p i c ,  
h i g h  f i e l d ,  low t e m p e r a t u r e  r e g i o n  we w ish  t o  c o n s i d e r .  
However, i n  any e x t e n s i o n  to  t h i s  r e g i o n ,  some g e n e r a l  
f e a t u r e s  might w e l l  be p r e s e r v e d ,  and t h e  above d i s c u s s i o n  
would t h e n  be n o t  w i t h o u t  some s i g n i f i c a n c e .  For example , 
e q u a t i o n  ( 3 2 ) do es  n o t  p r e d i c t  th e  extreme m a g n e t o r e s i s t i v e  
e f f e c t  o b s e rv e d  i n  b i sm u th ,  Dut i t  s t i l l  m igh t  accoun t  f o r  
th e  f i e l d  o s c i l l a t i o n s  in  t h i s  ^ c u n t i t y .
F i g u r e  3 shows two e a r l y  m easurem ents  made by Reynolds 
on b ism uth .  The two lo w e r  c u rv e s  a r e  u n p u b l i s h e d  p l o t s  
a g a i n s t  magnet c u r r e n t  of t n e  m a g n e t o r e s i s t a n c e  o f  a p a r ­
t i c u l a r  sample  of b ism uth  w i t h  t h e  t r i g o n a l  a x i s  t i l t e d  a b o u t  
2 3 °  from trie m a g n e t ic  f i e l d .  Tne upper  c u rv e s  show the  H a l l  
p ro b e  v o l t a g e s  ( n e g a t i v e )  fo r  the Same o r i e n t a t i o n .  The two 
s e t s  o f  p o i n t s  c o r r e s p o n d  t o  two o r i e n t a t i o n s  o f  the  m a g n e t i c ,  
f i e l d ,  d i f f e r i n g  by 160° .  The a c t u a l  H a l l  v o l t a g e  and 
m a g n e t o r e s i s t a n c e  a r e  taken  as  t h e  a v e r a g e  o f  the  two c u r v e s ,  
t h u s  c a n c e l l i n g  the  e f f e c t  uue  to  s l i g h t  m is a l i g n m e n t s  of  
t h e  p ro b e s  (R eyno lds ,  L e i n h a r u t  and H e m s t r e e t ,  1954-)* I t  
w i l l  be n o t e d  t h a t  a  maximum i n  t h e  m a g n e t o r e s i s t a n c e  
accom pan ies  each  minimum i n  the  H a l l  v o l t a g e .  ( I t  must  be 
remembered h e r e  t h a t  a  peak i n  t h e  c u rv e s  shown fo r  t h e  H a l l  
v o l t a g e  a c t u a l l y  cor responds to  a minimum because  th e  H a l l  
v o l t a g e  i s  n e g a t i v e  fo r  b i s m u th . )  S in c e  a  maximum i n  the 
r e s i s t a n c e  c o r r e s p o n d s  to  a  minimum i n  th e  c o n d u c t i v i t y ,  














r e s i s t a n c e : ( a r b i t r a r y  u n i t s )  H a l l  V o l t a g e -






h o l e s .  T h is  i s  i n  agreement  w i th  t n e  c o n c l u s i o n s  o f  Mott  and 
J o n e s  (1 9 5 6 ) ,  who a t t r i b u t e  the  m ag n e t ic  s u s c e p t i b i l i t y  of  
b i sm u th  p e r p e n a i c u l u r  t o  the t r i g o n a l  a x i s  ( f o r  which 
d i r e c t i o n  o f  H o u r  o s c i l l a t i o n s  a r e  most marked) to  h o l e s .
The r e s u l t s  o f  Schoenberg  ana  Uaain  ( 1 9 3 6 ) would seem to  
c o n t r a d i c t  th e  above a rgu m en t ,  s i n c e  they found t h a t  the  
a d d i t i o n  of sm a l l  amounts o f  l e a d  or  t i n  ( b o t h  e le m e n ts  w i t h  
a Valence  of fo u r )  lo w e r  the Fermi energy  of  th e  s p e c i a l  
c a r r i e r s  i n  b i sm uth  ( v a l e n c e  5 ) ,  w h i l e  t h e  a d d i t i o n  o f  
t e l l u r i u m  (w i th  6  v a l e n c e  e l e c t r o n s )  r u i s e s  the  Fermi e n e rg y ,  
i n  th e  s u r f a c e ,  t h i s  would seem to  i n d i c a t e  t h a t  our  c a r r i e r s  
a r e  e l e c t r o n s ,  however ,  the a d d i t i o n  o f  an t im ony ,  which be­
lo n g s  t o  the  same column of  the  p e r i o d i c  t a b l e  a s  b ism u th ,  
a l s o  lo w e rs  the  Fermi e n e r g y .  Tne answer to  t h i s  c o n t r a ­
d i c t i o n  can  o n ly  come l rum l u r t n e r  e x p e r i m e n t a l  and t h e o ­
r e t i c a l  work on t h e  p e r i o u i o  e f f e c t s  and on th e  zone s t r u c t u r e  
o f  b ism uth .
I n  t h e  c a s e  o f  g r a p h i t e ,  B e r l i n c o u r t  (1954a) has  ob­
t a i n e d  d a t a  on a l l  t h r e e  e f i e c t s  u i s o u s s e u  above .  Here the
f i e l d  o s c i l l a t i o n s  i n  the c o n u u c t i v i t y  l a g  t h o s e  i n  the
o
s u s c e p t i b i l i t y  by 90 . bo i t  would seem t h a t  the  r e a s o n in g  
l e a d in g  t o  e q u a t i o n  (45) may welx be c o r r e c t .  The o s c i l ­
l a t i o n s  i n  th e  H a l l  c o e f f i c i e n t  seem t o  be ab o u t  135° o u t  o f  
p ha se  w i t h  t h o s e  i n  th e  c o n d u c t i v i t y .  B e r l i n c o u r t  has  
s t a t e d ,  however,  t h a t  th e  e x p e r i m e n t a l  u n c e r t a n t i e s  c o u ld  be 
o f  th e  o r d e r  o f  4 5 °  f o r  the phase  d i f f e r e n c e  between t h e  two 
e f f e c t s .  Thus t h e  upp e r  l i m i t  on tiie p h a se  d i f f e r e n c e  i s  180°,
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which would i n d i c a t e  t h a t  ttie sp o c iax  c a r r i e r s  i n  g r a p h i t e  
a r e  e l e c t r o n s .
Some i n d i c a t i o n  o f  th e  r e l a t i v e  m agn i tudes  t o  be 
e x p e c te d  for  t h e  v a r i o u s  e f f e c t s  call be o b t a i n e d  from the  
a n a l y s i s  of t h i s  c h a p t e r .  F ig u r e  3 o f  th e  l a s t  c h a p t e r  
shows us  t h a t  we shou ld  n o t  e x p e c t  th e  numDer of  our c a r r i e r s  
to  o s c i l l a t e  by more th an  a few p e r  c e n t .  S in c e  the  conduc­
t i v i t y  i s  th e  sum o f  two p o s i t i v e  te rm s ,  each  in v o lv i n g  th e  
f i r s t  power o f  t h e  numDer o f  one p a r t i c u l a r  type  o f  c a r r i e r ,  
t h e  o s c i l l a t i o n s  i n  tn e  c o n d u c t i v i t y  w i l l  a t  b e s t  be s m a l l .
The o s c i l l a t i o n s  i n  t h e  m ag ne t ic  s u s c e p t i b i l i t y  a r e  con­
t a i n e d  i n  a term which i n v o l v e s  the  d e r i v a t i v e  of th e  number 
of  s p e c i a l  c a r r i e r s  w i th  r e s p e c t  to  f j  . T h is  term  i s  th en  a 
p u r e l y  o s c i l l a t o r y  te rm ,  and the  r e l a t i v e  m agn i tude  o f  the  
o s c i l l a t i o n s  w i l l  depend on t n e  m agni tude  of th e  o t h e r  c o n t r i ­
b u t i o n s  to the  s u s c e p t i b i l i t y . The r e l a t i v e  m agn i tude  of the  
o s c i l l a t i o n s  i n  th e  H a l l  e f f e c t  a l s o  may va ry  o v e r  a  wide 
range  fo r  d i f f e r e n t  m e t a l s ,  s i n c e  the H a l l  c o e f f i c i e n t  i n -  • 
v o lv e s  th e  d i f f e r e n c e  ol two t e rm s ,  one e s s e n t i a l l y  a  c o n s t a n t  
and t h e  o t h e r  v a r y i n g  d i r e c t l y  a s  the numDer o f  s p e c i a l  
C a r r i e  r s .
I f  th e  o s c i l l a t i o n s  i n  th e  H a l l  e f f e c t  a r e  to  have 
any a p p r e c i a b l e  m agn i tude  we must  have
f a t *  ( 4 7 )
Assuming t h a t  t h e  s p e c i a l  c a r r i e r s  a r e  h o l e s  ( a  s i m i l a r  a r g u ­
ment c o u ld  be made i f  they  a r e  e l e c t r o n s )  we a l s o  know t h a t
T h is  t e l l s  us  t h a t
(49)
(50)
iicau. a ing  to  e q u a t i o n  {.*+?), th e  a-juuia  term a p p e a r in g  i n  the 
Squared  q u a n t i t y  i n  the denom ina to r  ol e q u a t io n  ( 3 3 ) can be 
n e g l e c t e d .  Then
Toe the m ag n e t ic  Tielci a lo n g  the  t r i g o n a l  a x i s  and the  
c u r r e n t  a long a  b in a r y  a x i s ,  i t  w i l l  be seen  t h a t  a n  o s c i l ­
l a t i n g  term of  tne  n a t u r e  o t  the te rm i n  e , n a t i o n  ( 5 < 0  i s  
p r e s e n t ,  but t h a t  t h e r e  i s  a marked i n c r e a s e  w i t h  i n c r e a s i n g  
m agn e t ic  f i e l d  t h a t  i s  n o t  p r e d i c t e d  D/ e q u a t io n  (pk) . (T ha t  
i s ,  th e  m agn i tude  of |^| i n c r e a s e s  w i th  f - k )  To o b t a i n  t h i s ,  
wa would have to  use  e q u a t i o n  ^q.±) as a s t a r t i n g  p o i n t .  We
(51)
i f  v a r i e s  a c c o rd in g  to  e q u a t i o n  ( 2 7 ) ,  wc s e e  t h a t  the  H a l l  
c o e f f i c i e n t  h a s  th e  form
R= K c r  R, H <■M
where and ^  a r e  c o n s t a n t s .
F i g u r e  6  shows tn e  H a i l  c o e f f i c i e n t  a s  a f u n c t i o n  o f  















2000 4000 5000 6000
H (GAUSS)
7000 8000
' s h a l l  c o n t e n t  o u r s e l v e s  h e r e  w i th  a. d i s c u s s i o n  o f  the  o s c i l ­
l a t i n g  term .
The a m p l i tu d e  o f  t h e  o s c i l l a t i n g  term i s
(53)
Taking th e  l o g a r i t h m  o l  t h i s  we o b t a i n
shou ld  t h e n  r e s u l t  i n  a
, the
(54)
s t r a i g h t  l i n e  which woaia  one*uae us to  d e te rm in e
e f f e c t i v e  doub led  Bohr magneton l o r  t n i s  o r i e n t a t i o n .  When 
t h i s  was done,  i t  was foanu t h a t  t h e  p o i n t s  c l u s t e r e d  
a ro p nd  a s t r a i g h t  l i n e ,  but  t i n t  a e l i n i t e  d e v i a t i o n s  from
i n  p l a c e  o f  / , t h e  c u rv e  o f  Mgur_- 7 was o b t a i n e d  in  which 
tiie p o i n t s  f e l l  on a  s t r a i g h t  l i n e .  T h is  t e m p e r a t u r e  cor-  
’r e c t i o n ,  as  m en t ioned  e a r l i e r ,  i s  n e c e s s i t a t e d  by the  s p r e a d ­
in g  of the  e n e rg y  l e v e l s  uue to  c o l l i s i o n s  of t h e  e l e c t r o n s  
w i th  i m p e r f e c t i o n s  i n  th e  l a t t i c e .  The v a lu e  o f  the
-19e f f e c t i v e  d o u b led  Bohr magneton so o b t a i n e d  i s  3 x  10 
e r g / g a u s s .  T h is  c o r r e s p o n d s  to  an e f f e c t i v e  mass o f  0 . 0 6 .
Moreover ,  t h e  a b s o l u t e  v a l u e  o f  t h e  o s c i l l a t i n g  term 
i s  e ^ u a l  to  th e  a m p l i tu d e  when
t h i s  l i n e  d i d  e x i s t .  However, i f  t h e  v a lu e  T + o S  was used
(55)
be ing  f o r  evexi i n t e g e r s ,  a n a -"A f o r  odd i n t e g e r s .  So i f  
we p l o t ,  a g a i n s t  the  i n t e g e r s ,  the V a l u e s  o f  fo r  which
5 643
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Clio cut*v0  i s  fcungyiio to i t o  oi'iVt^xupo^ »*« w i l l  do u.DJ_o Co 
d e te rm in e  ^ . o j ^ . The r e s u l t s  «. l t n i a  p r o c e d u r e  a r e  shown 
i a  F ig a r o  d, ana  th e  Value of ( ~ r i  ^  o b t a i n e d  i s  2 x l u ~ ^  
e r g ,  co r  respo n d in g  to  a a e g o n e r - c y  tempoputufo  o f  i ^ 0 °  K.
The v a l u e  o b t a i n e d  from m agne tic  » a s c e p t i b i l i  ty  
m easurements  f o r  the Fermi energy of t n e  s p e c i a l  c a r r i e r s  i n  
b ismuth  i s  ^ .9  x 1 0 “^  e rg s  (ucn o c n b e rg ,  i v y * ) .  Tne magne- 
t o r e s i s t u n c e  measurements  o f  m e r s  ana Webber (1953) a l s o  
g iv e  tne  sune v a l u e .  The d i s c r e p a n c y  between t h e s e  r e s u l t s  
and t h a t  fo r  the  H a l l  e f f e c t  i s  much too  l a r g o  to  be a t t r i ­
bu ted  t o  e x p e r i m e n t a l  e r r o r ,  anu may a r i s e  from some s p e c i a l  
p r o p e r t i e s  o f  tne  b ism uth  c r y s t a l  used  i n  th e  H a l l  e f f e c t  
m e a su re m e n ts . The n e c e s s i t y  o f  us ing  th e  same c r y s t a l  and 
tne Same o r i e n t a t i o n  f o r  - j . i  moaSarcments i s  c l e a r l y  shown 
h e r e ,  ns  m en t ion ed  e a r l i e r ,  t h i s  a..* been uv.no by 
H er l iueourfc  ( 1 9 3 4 a) for  g r -aph i to ,  wn~re e ^ d a l  p e r i o u s  were 
l o i n d  i n  a l l  t h r e e  e f f e c t s ,  however ,  no r e p o r t e d  t h a t  fo r  
C1 0  o s c i l l a t i o n s  i n  the  h a ix  coe i i . i a j .o i i t ,  the a m p l i tu d e  a t  
c o n s t a n t  t e m p e r a t u r e  seeraeu to bo p r o p o r t i o n a l  to
VI i n s t e a d  ol  H Afs>(cv f l . f i / H) a s
p r e d i c t e d  h e r e .  H is  d a t a  co v e r  tne  range  from -i to o  
K i l o g a u s s ,  i n  c o n t r a s t  t o  tne range  from 4  to  b x i i o g u u s s  
used  i n  tne  measurements  on the  H a l i  e f f e c t  i n  b ism uth .  I t
w e l l  may be t h a t  tne i i e i u s  in v o iv e u  m  the  measurements  of
b e r l i n c o u r t  a r e  too  h igh  fo r  tiie use  of  t h e  s im ple  fo rm ula  
0 1  e q u a t i o n  ( 3 3 ) .
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7 ana  8  a r e  c o n v in c in g  a rgum en ts  o f  the  v a l i d i t y  o f  e q u a t io n  
a t  l e a s t  a s  a  f i r s t  a p p r o x im a t io n  to  the  H a l l  c o e f ­
f i c i e n t  a t  low f i e l d s .  The r e l a t i v e  p h a se s  o f  the  v a r i o u s  
o s c i l l a t o r y  e f f e c t s  a l s o  have been e x p l a i n e d  by t h e  model 
which l e d  to  e q u a t i o n  • The q u e s t i o n  o f  a  b e t t e r  model
f o r  th e  H a l l  e f f e c t  w i l l  be tak e n  up i n  t h e  n e x t  c h a p t e r .
CHnFTER IV
A FURTHER INVESTIGATION OF THE HaLL EFFECT
I n  c h a p t e r  3 , i t  was seen  t h a t  our  model o f  the  
o s c i l l a t i n g  number o f  electrons**, when combined w i th  a lm o s t  
t n e  v e ry  s i m p l e s t  o f  fo rm ulae  for  t n e  H u l l  e f f e c t  and 
magneto r e s i s t a n c e ,  has  a p p re c ia D ie  s u c c e s s  i n  e x p l a i n i n g  
th e  f i e l d  and t e m p e r a t u r e  dependence  o f  the p e r io d ic "  p a r t  
o f  t h e s e  e f f e c t s ,  however ,  tiie mouel f a l l s  f a r  s h o r t  i n  
p r e d i c t i n g  the  e x a c t  shape  o f  t h e  c u rv e  a g a i n s t  f o r
e i t h e r  e f f e c t .  I n  t h i s  c h a p t e r  we w i l l  d i s c u s s  the  p o s s i ­
b i l i t y  o f  o b t a i n i n g  b e t t e r  ag reem en t  between e x p er im en t  and 
t h e o r y .
The h i s t o r y  o f  a t t e m p t s  to  e x p l a i n  the  v a r i o u s  t r a n s ­
p o r t  phenomena i n  m e t a l s  e x te n d s  bacx to  tne  end of  the  
n i n e t e e n t h  c e n t u r y  (RiecXe,  l d v d ) • The g e n e r a l  form of  the  
p r o c e d u r e  used  to d ay  was i n t r o u u c e d  by L o r e n t z  ( 1 9 0 4 ) .  i t  
i s  assumed t h a t  a  d i s t r i b u t i o n  f u n c t i o n ,  K %  jc) . e x i s t s  
and i s  c o n s t a n t  i n  t im e .  Then
" O  (56)
How £  may vary  wi*th time i n  two iu u o p e n d e n t  ways: 1 ) a  d r i f t
v a r i a t i o n  may e x i s t ,  whicn i s  t o  say  t h a t  th e  e l e c t r o n s  move 
a b o u t  from p l a c e  to  p l a c e  i n  t h e  m e t a l  a n a  may a l s o  be
a c c e l e r a t e d  by e x t e r n a l  f i e l d s ,  Z)  a  V a r i a t i o n  due t o
* ̂ ' uj|
l l i s i o n s  w i th  the .  aBe-ms-.uyf •*jcne m eta l-m ay e x i s t .  For
e q u i l i b r i u m ,  t h e s e  two v a r i a t i o n s  must be eq u a l  i n  m agn i tude
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i t  sh o u ld  be n o t e d  t h a t  t h e  p r o a s n c e  o f  on ly  one d i s t r i b u t i o n  
f u n c t i o n  i m p l i e s  we a r e  cunsiac . .  m g  unly  une Dana a t  tn« 
moment. The moael can be s im ply  e x te n d e d  to two bonus i f  we 
wish t o  n e g l e c t  th e  p o s s i D i i i t y  of t r a n s i t i o n s  between the 
ounds.
I t  can be shown t h a t
anu »vc t a k e  cue sc i ixar  j j ^  i c m s  Vuecor *vl tli t h e
e x p r e s s i o n  i n  u i ' u c x c t s .  tiLiVcVOi' j c ^auDiuH I s  V a l iu  o n l y
for  t im e s  s h o r t  compared to cue Larm o'  p e r i o u  2.1TKt\C./e> H
(>Vilson, 1953, p . 5 2 ) .  This  l i m i t a t i o n  was a l s o  p r e s e n t  in
oar  work in  c h a p t e r  5 , where w- c o n s id e r e d  the v e l o c i t y  «s
s t a y i n g  c o n s t a n t  o v e r  t n e  mean i r e e  time between c o l l i s i o n s .
For f r e e  e l e c t r o n s  21“* ^ / ^ '  i s  o f  t^nc o r u e r  o f  10- ^
g a u s s - s e c o n d s ,  out fo r  tne  s p e c i a l  c a r r i e r s  i n  b ism uth ,  the
-9low ctL e c t i v  •- iBaSS r caucus  Che VuaUO to  a oo a t  10 . f o r  tn«
hOt'iuai coiiduc c ion  e ie  c t  runs i n  most  mo t a i s , 2f i s  ui  tJie o r d e r
-12  Ao f  i u  se co n d s ,  so we may d e a l  w i th  f i e l d s  up to abou t  1 0
g a u s s ;  but  the  mean f r e e  p a th  in  b ism uth  i s  a b o u t  tw en ty  t im e s
t h a t  o f  a  t r u e  m e ta l  l i k e  s i l v e r  ( P ip p a r d  and Chambers,  1952; 
dondneim er ,  1 9 5 *0 , 3 0  tnu mem f r e e  time i s  c o r r e s p o n d i n g l y
l o n g e r ,  l i m i t i n g  t h e  v a l i d i t y  o f  the  above e x p r e s s i o n  t o  ve ry  
low f i e l d s  i n  the  c a s e  o f  o ism uth .  We s h a l l ,  however,  beg 
t h i s  q u e s t i o n  and t u r n  to the  prob lem  o f  th e  r a t e  o f  change
a p p l i e d  f i e l d s  ana t e m p e r a t u r e  g r a d i e n t s .  The f u n c t i o n
s u s p e c t e d  t h a t  t h i s  f u n c t i o n  i s  c l o s e l y  r e l a t e d  t o  th e  mean 
f r e e  t ime i n t r o d u c e d  i n  th e  l a s t  c h a p t e r ,  and we s h a l l  t ake  
t h e  l i b e r t y  of u s ing  t h e  same symbol i n  d e f i n i n g  b o th .
s i m p l i f i e s  the  s o l u t i o n  o f  e q u a t io n  ( 5 7 ) ,  but  we a r e  th en  l e f t  
w i th  t h e  unknown i n  the in te g r a l  e q u a t io n s  l o r  the  
e l e c t r i c a l  c o n d u c t i v i t y ,  t h e r m a l  c o n d u c t i v i t y ,  e t c .  F ind in g  
the  t ime of r e l a x a t i o n  tu c n s  out  to .  be a  prob lem  o f  s o lv i n g  
an i n t e g r a - d i f f e r e n t i a l  e q u a t i o n .  This  e q u a t io n  can be 
s o l v e d  on ly  i n  a few s im p le  c a s e s .  Moreover ,  i n  th e  g e n e r a l  
c a s e  i t  i s  e x t r e m e ly  d o u b t f u l  i f  a t ime o f  r e l a x a t i o n  even 
e x i s t s  (W ilson ,  1 9 5 3 ) ,  i . e . ,  t h a t  ^ f / ^ f c ) c o \ l  cun be Pu t  
i n  the  form o f  e q u a t i o n  ( 5 9 )
a t i o n ,  g e n e r a l  e x p r e s s i o n s  can be o b t a i n e d  f o r  th e  H a l l  
e f f e c t  (Soiidheimer, 1948) and th e  c o n d u c t i v i t y  i n  a  m ag ne t ic
r
o f  y due t o  c o l l i s i o n s .
The s i m p l e s t  a s su m p t io n  to  make c o n c e rn in g  
i s  t h a t  i t  obeys a  lav/ of th e  form
(39)
where i s  the d i s t r i b u t i o n  f u n c t i o n  i n  th e  a b sen c e  of
t ime of r e l a x a t i o n .  I t  woula be
The i n t r o d u c t i o n  of  a  t im e  o f  r e l a x a t i o n  c o n s i d e r a b l y
A s s u m i n g ,  h o w e v e r ,  t h e  e x i s t e n c e  o f  a  t i m e  o f  r e l a x -
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f i e l d  (Sondheimsr  and W ilson ,  1 V4-7 ) f o r  an i s o t r o p i c  two band 
model. The t im es  o f  r e l a x a t i o n  fo r  tne  two bands a r e  
e l i m i n a t e d  from the r e s u l t s  by considering tne  e x p r e s s i o n  fo r  
t n e  p a r t i a l  c o n d u c t i v i t i e s  due w  eucn o f  tn e  bands i n  the 
ab sen ce  o f  a magne t i c  - f i e l d
° ‘" ‘ *yTfy5cr c6°)
i t  m ight  then  be hoped tx ia t  tne  r e s u i t i n g  e x p r e s s i o n s  ivt-aiu
h a v e  a more g e n e r a l  V a l i d i t y ,  r o r  a r o i t r a r y  V a i u e s  o f  t n e
m agne t ic  f i e l d ,  they  o b t a i n ,
(JT7-
• R„ _ j l .  7.. A M U
( 61)
*;+<%. +  ( ^ - )  ( }
S l i g h t l y  more g e n e r^ a  e x p r e s s i o n s  have  been o b t a i n e d  
by Chambers (lV52a) us ing  a thermodynamical  type o f  a rgum en t .  
Chambers'  r e s u l t s  reduce  to  th o se  of  Sondneimer and W ilson  
under  th e  a s su m p t io n  t n u t  tne  H u l l  c o e f f i c i e n t  i n  low 
m ag n e t ic  f i e l d s  i s  . f o r  the  s e r o  f i e l d  c a s e ,  the
uoove e x p r e s s io n s  r e d u c e  to  the Same Value a s  we o b t a i n e d  
i n  c h a p t e r  3 , a l t h o u g h  t h e  com ple te  e x p r e s s i o n s  a r e  n o t  the  
Same. However, t h e s e  r e s u l t s  b r in g  us no n e a r e r  our g o a l  of 
r e l a t i n g  the o b se rv e d  e f f e c t s  t a  the c o n s t a n t s  of the  m e t a l ,  
a l t h o u g h  we can a g a i n  s e e  how we m ig h t  e x p e c t  an i n c r e a s e  i n  
the m agn i tude  of  t h e  H a i l  c o e f f i c i e n t  as  th e  a p p l i e d  m agne t ic  
f i e l d  i n c r e a s e s .
a v a r i a t i o n a l  me thou  hub been u e v e lo p e a  by K o h le r  
( 1 9 4 -9 ) and Sondheimer (.19^0) f o r  th e  s o l u t i o n  o f  e q u a t io n  
( p 7 ) i n  the c a s e  of a p p l i e d  e l e c t r i c  f i e l d s  and t e m p e r a tu r e  
g r a d i e n t s ,  but  i n  i t s  p r e s e n t  iw-rm the  tn e o ry  canno t  be 
s im p ly  ex te n d ed  to  th e  c a s e  where H ^ o  However, we have 
a l r e a d y  p o i n t e d  o u t  t h e  numoer o f  s e r i o u s  o b j e c t i o n s  t o  the  
above a p p ro a c h ,  two o f  t t e s e  o b j e c t i o n s  being th e  f a i l u r e  to  
c o n s i d e r  the  p o s s i b i l i t y  o f  q u a n t i z e d  o r b i t s  i n  l a r g e  m agne t i  
f i e l d s  (^jfTTTiC/^H^ ) and the p o s s i o i l i t y  o f  t r a n s i t i o n s  
between the  bands.
t
The method used  by navyuov and Pomeranchuk (194-0) 
f o r  t h e  c a l c u l a t i o n  o f  the  m u g n e t o r e s i s t a n c e  o f  b ism uth  
a v o id s  th e  above f a i l u r e s  of the L o r e n t z  a p p ro a c h  o f  s o l v i n g  
t h e  Boltzmann ' t r u n s p o r t  e q u a t i o n .  The f i r s t  p a r t  o f  th e  work 
o f  uavydov and Pomeranchuk w i l l  De co v e red  h e r e  i n  somewhat 
more d e t a i l  than  i s  lound i n  th e  o r i g i n a l  p a p e r .  An a t t e m p t  
w i l l  be made h e r e  to  e x te n d  th e  method to  the  c a l c u l a t i o n  of  
t h e  H a l l  c o e f f i c i e n t .  The second p a r t  of  t h e i r  method w i l l  
o n ly  be o u t l i n e d ,  and rea sons  wiix  be g iven  f o r  the  f a i l u r e  
of  t h i s  ap p ro a ch  t o  a p p ly  to  th e  H a l l  e f f e c t .
Davydov and  PomeranchuK. use  t n e  a p p ro x im a t io n  of 
t i g h t - b i n d i n g  t o  s o l v e  th e  H c h roend in ge r  e q u a t io n  fo r  th e  
e l e c t r o n s  of a m e ta l  i n  t r a n s v e r s e  e l e c t r i c  and m ag ne t ic  
f i e l d s .  I n  t h i s  a p p ro x im a t io n  th e  wave f u n c t i o n s  a r e  g iv e n
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where ifc*} i s  th e  wave f u n c t i o n  f o r  an e l e c t r o n  i n  the
v a l e n c e  s h e l l  of  the  fts t h  atom n e g l e c t i n g  t h e  i n t e r a c t i o n  
w i th  a l l  o t h e r  atoms of t h e  c r y s t a l .  S in c e  ^  i s  a  f u n c t i o n  
o f  tfi i t  can a l s o  be c o n s i d e r e d  us a f u n c t i o n  of Tvyv o r  j u s t  
of  $  . I t  can be shown t n a t  w i l l  then  obey an e q u a t i o n
o f  t h e  S c h r o e d i n g e r  form
e, \
where ^  i s  t h e  a p p l i e d  e l e c t r i c  f i e l d  urn TT^d— (-£* g ^ ~ c T ^ A ~
We s h a l l  t a k e  t h e y ,  d i r e c t i o n  as  the  d i r e c t i o n  o f  th e  
a p p l i e d  e l e c t r i c  f i e l d  and the  "Sr d i r e c t i o n  a s  the  d i r e c t i o n  
of th e  m agne t ic  f i e l d ,  using 10 r  the v e c t o r  p o t e n t i a l , A ,  the  
form 0  ) .  For the  sake  of s i m p l i c i t y  we s h a l l
assume a l l  o f  the  o f f - d i a g o n a l  components o f  t h e  r e c i p r o c a l  
mass t e n s o r  a r e  z e r o .  ( A c t u a l l y  t h i s  p rob lem  c a n  be s o l v e d  
i n  the  same manner,  g iv in g  r i s e  to  the same v a l u e s  fo r  the  
c u r r e n t  d e n s i t y  i n  the  5*' and ^ d i r e c t i o n s ,  i f  we a l low  a 
f i n i t e  v a lu e  fo r  o{ ^  ==• , but  we n eed  o^a  = O .)
Under t h e s e  a s s u m p t io n s ,  e q u a t io n  (.6 4 .) becomes
i  d3 a ^ =  (-Z m /P )(E -e b -< £ * ) (65)
where l e t t e r  s u b s c r i p t s  i n u i c a t e  d i f i e r e n t a t i o n  w i th  r e s p e c t  
to  t h e  v a r i a b l e  shown, and J te  /2 t&  a s  a  f i r s t "  s t e p ,  
we n o t i c e  t h a t  t h e  e q u a t io n  i s  s e p a r a b l e  i n  2 : and l e t
Then, t o  p e r fo rm  the  s e p a r a t i o n
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o f a n d  7/e l e t  P e r f o r m in g  t h e s e
s u b s t i t u t i o n s ,  we o b t a i n  t h e  e q u a t i o n  fo r  ^  ,
<*, <z£x$ =
o i n c e  ^ - n o  l o n g e r  a p p e a r s  e x p l i c i t l y  we can s e p a r a t e  t h i s  
by t h e  s u b s t i t u t i o n  , and th e  e q u a t i o n
to  be so lv e d  fo r  i s
( 6 7 )
- % C E - E b ' ^ ^ 4 I
i f  we w r i t e  t h e  q u a n t i t y  i n  s q u a r e  b r a c k e t s  a s  
t h ^n
r ; a c % 4  f = * £  o  2 i 1 § L
o r
= - 1 .  -  . m & a .  ( 6 8 )
o j f  4 4 ^ *
Subtracting C  7 »̂ from each s id e  of equation (6 7 )
(ev)
We now make t h e  s u b s t i t u t i o n s  and
The e q u a t io n  fo r  (p  i s  t h e n
<7 o >
which i s  t h e  w e l l -know n e q u a t i o n  f o r  tne  s im p le  harmonic  




The s o l u t i o n s  to  e q u a t io n  ^70) a r e  bounaed o n ly  i f  X = l n + l  , 
i n  t h i s  c a s e  being  g iv en  by <^(0 =  fnC f ) 55 e^ ( r ^ A )  Hvxtl) > 
where Hr> tne H erm i te  p o ly n o m ia l  of o r a e r  h  • Thus our 
"wave f u n c t i o n " ,  <2 - , v a r i e s  as
W )
The e i g e n v a l u e s  fo r  the ene rgy can be found from 
e q u a t io n  (71)
(73 )feyr+ot in  -  t
2*t\
i n  p a r t i c u l a r ,  t h e  l a s t  term  becomes
I f  we n e g l e c t  te rm s  of  t h e  o r a e r  of  ( t / n T  , the  ene rgy 
w i l l  be g iv e n  by
£ = E k + 2 k ^ k * + P * H ( nH:) +  e £;<<> ( 7 5 )
i n  the  c a se  &P-0 , we have i ie re  an e x a c t  a e r i v a t i o n  of  the 
s t a t e m e n t  made i n  c h a p t e r  1 1  about  th e  energy  l e v e l s  i n  a 
m agn e t ic  f i e l d .
The d e r i v a t i o n  can  be s i m p l i f i e d  somewhat by combining 
the two s u b s t i t u t i o n s  used  t o  unxe th e  e q u a t i o n  s e p a r a b l e  i n  
, and l e t t i n g  We th en




The wave f u n c t i o n  i s  t h e n  g iv e n  by
& i k *  <7 7 >
and th e  e ig e n v a l u e s  f o r  the ene rg y  a r e
E= 5,+5^°^+ p*H(n+ )̂+e£-̂  (78)
The a p p ro a c h  of  Davyaov and  Pomeranchuk n e c e s s i t a t e s
t h e  use  o f  e q u a t i o n  (72) . S in c e  e q u a t i o n  (.77) f o r  tne  wave 
f u n c t i o n  l e a d s  to t h e  same r e s u l t s  i n  t h e  c a s e s  o f  i n t e r e s t  
to  us ,  we s h a l l  u se  the  l a t t e r .  The c u r r e n t  due  to  the  
e l e c t r o n s  w i l l  be found from (W ilson ,  1V53, p* 51)
A S ^  (7 9 )
I t  i s  s een  t h a t  t h e  on ly  terms t h a t  can c o n t r i b u t e  to  the  
f i r s t  te rm  i n  the  c u r r e n t  a r e  the  ones  c o n t a i n i n g  im a g in a ry  
e x p o n e n t i a l s . Thus
J y = ~ e  £  5 ^ 0 % )  6  • ( 80 )
which i s  i d e n t i c a l l y  z e ro  s i n c e  <f= e H / r t c  The conduc­
t i v i t y  i s  t h e r e f o r e  z e ro  i n  th e  p r e s e n c e  of a t r a n s v e r s e  
m ag n e t ic  f i e l d  i f  t h e r e  a r e  no c o l l i s i o n s .  T h is  i s  the  same 
r e s u l t  one o b t a i n s  c l a s s i c a l l y .  On t h e  o t h e r  hand,
(81)
For the  s im ple  harmonic  o s c i l l a t o r  wave f u n c t i o n s ,
ch cJLtra
i t  i s  then simple to  i n t e g r a t e  equation  (81) over a l l  space  
o bta in in g  for the average Value o f  the current  in  the  
d i r e c t i o n ,
( 8 , )
i f  we s u b s t i t u t e  f o r  and rememoer c h a t  jZnSjL d x d y d z  — N  , 
tne  number o f  f r e e  e l e c t r o n s  p e r  u n i t  volume. S u b s t i t u t i n g  
l'or }f , t h i s  r ed u c es  to
(83)
I f  tne coo rd in a te  system i s  r o ta te d  y(J°,
(84)
where th e  in  the  d i r e c t i o n ,  or
( 8 5 )
Thus i f  we n e g l e c t  c o l l i s i o n s ,  a s  h a s  been done h e r e ,  the  
m u g n e to re s is  t a n c e  o f  an a n i s o t r o p i c  one band model i s  i n f i ­
n i t e  and th e  H a l l  c o e f f i c i e n t  i s
R= -77—r -  (86)
i n  a p r i v a t e  communication to  Chambers {Lyoda), Hondheimer 
nas  p r e d i c t e d  t h a t  t h e  H u l l  c o e f f i c i e n t  f o r  ve ry  l a r g e  
m agne tic  f i e l d s  shou ld  be j u s t  t h i s  v a lu e .  Thus we have 
the  phenomenon o f  t h e  H a l l  c o e f f i c i e n t  b e in g — \/fJec  b o th  f o r
n ig h  t e m p e r a t u r e s  a nu  v e ry  low m ag n e t ic  f i e l d s  ( t u v ~ o )  
ana  l o r  th e  z e r o  o f  t e m p e r a t u r e  ( i . e . ,  no c o l l i s i o n s )  o r  
i n f i n i t e  m agn e t ic  f i e l d s  ( .
Some q u e s t i o n  might be r a i s e d  a bou t  c a l l i n g  the 
c o e f f i c i e n t  o f  i n  e q u a t i o n  ( 8 4 ) tn e  r e c i p r o c a l  o f  the
H a l l  c o e f f i c i e n t ,  s i n c e  th e  c a l c u l a t i o n  i n v o lv e d  p o s t u l a t i n g  
the  e l e c t r i c  f i e l d  ana  then  d e te r m in in g  t h e  c u r r e n t .  P h y s i ­
c a l l y ,  however ,  i t  shou ld  make no d i f f e r e n c e  w he ther  the  
c u r r e n t  i s  s e t  up o r  t n e  f i e l d  i s  a p p l i e d  f i r s t .  I t  i s  a l s o  
h a r a  to s e e  from t h i s  ap proach  how th e  i n t r o d u c t i o n  of t h e  
c o l l i s i o n s  of  t h e  e l e c t r o n s  w i t h  th e  l a t t i c e  c o u ld  a f f e c t  
our  r e s u l t s ,  s i n c e  t h e r e  i s  no a v e r a g e  m otion  o f  tne  e l e c t r o n s  
i n  t h e  ^ . d i r e c t i o n  which co u ld  be a f f e c t e d  by t h e  c o l l i s i o n s .  
rtS long a s  s t a y s  c o n s t a n t ,  <5 ,̂, shou ld  s t a y  c o n s t a n t  u n l e s s  
t h e r e  i s  a  v a r i a t i o n  i n  A/•
For two bands ,  the c o n d u c t i v i t y  i s  s t i l l  z e r o ,  and th e  
H a l l  c o e f f i c i e n t  i s  found from
£
o r  i n  t h e  u s u a l  c a se  c o n s i d e r e d  ( — & j  6  )
( 8 8 )
C e r ta in ly  th is  e x p r e s s io n  w i l l  n o t  he lp  us in  our attempt to  
e x p la in  the behaviour of tne  H all  e i ' i e c t  in  bismuth. In  the 
usual two band model Af-Afc i s  always a c o n s t a n t ,  and i f  we 
assume, a s  does Jones  ( i y j 6 ) tha t  we g e t  an i n f i n i t e
H all  c o e f f i c i e n t ,  uavydov and t'omecanchuk, under the same
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a s s u m p t io n s ,  c o n c lu d e  t h a t  th e  H a l l  e f f e c t  i s  z e r o .  T h e i r
re a so n in g  i s  based  on e q u a t i o n  ( 6 3 ) .  They p o i n t  out  t h a t  v/i t h
a f i e l d  i n  t h e  %  d i r e c t i o n ,  i f  A/j= Afc , ~  “$ “<£2. > hence
the two H a l l  c u r r e n t s  c a n c e l .  T h e i r  r ea so n in g  seems open to
o b j e c t i o n  s i n c e  under  the  c o n d i t i o n s  o f  e q u a t io n  ( 8 3 ) ,  t *
i s  i d e n t i c a l l y  z e ro  and the H a l l  c o e f f i c i e n t  c ann o t  be d e f i n e d .  
T h e i r  r e s u l t  does  seem to  p o i n t  out  t h a t  our model so f a r  has  
n o t  ta k e n  i n t o  a c c o u n t  the  p o s s i b i l i t y  o f  t r a n s i t i o n s  between 
th e  bands .
The re m a in d e r  o f  Davydov and Pomeranchuk p ro c e e d s  as  
f o l l o w s .  Under c e r t a i n  s i m p l i f y i n g  a s s u m p t io n s ,  th e  wave 
f u n c t i o n s  a r e  c a l c u l a t e d  i n  t h e  p r e s e n c e  of  s c a t t e r i n g  c e n t e r s  
o f  p o t e n t i a l  U f c - r y )  The t r a n s i t i o n  p r o b a b i l i t i e s  a r e  
found from t h e s e  wave f u n c t i o n s  and a u i s t r i b u t i o n  f u n c t i o n  
i s  u e f i n e d ,  a f t e r  t h e  rnaxmer o f  T i t e i c a  ( iy3p)  • When a t r a n ­
s i t i o n  o c c u r s  such  t h a t  the  quantum number ?&| i s  changed to  
t h e  e l e c t r o n  moves a  d i s t a n c e  i n  the
d i r e c t i o n  o f  t h e  e l e c t r i c  f i e l d .  M u l t i p l y i n g  t h i s  d i s t a n c e  
by t h e  e l e c t r o n i c  c h a rg e  and the t r a n s i t i o n  p r o b a b i l i t y ,  and 
then  a v e r a g i n g  o ve r  a l l  o f  the  s t a t e s  g iv e s  the  c u r r e n t  i n  th e  
' / C d i r e c t i o n .  I t  i s  found t h a t  t h e r e  a r e  t h r e e  c o n t r i b u t i o n s  
to  t h e  c u r r e n t ,  c o r r e sp o n d in g  to  t r a n s i t i o n s  i n  each o f  the  
bands and between th e  bands.  O s c i l l a t i o n s  can occu r  i n  t h e  
c o n t r i b u t i o n  from one of the  bands (assumed to  be e l e c t r o n s )  
and i n  the  c o n t r i b u t i o n  due to  the  t r a n s i t i o n s .  The maximum 
c u r r e n t  f low s when This  shou ld  be compared
w ith  our  r e s u l t  which g i v e s  a maximum i n  the c o n d u c t i v i t y  f o r
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£ > /p * H ~ r \+ 7 / fe  , and th e  e x p e r im e n ta l  r e s u l t s  o f  ^ le r s  and 
tfebber (195 3 ) which g i v e  c o n d u c t i v i t y  maxima fo r  
i n d u c t i n g  e x p e r i m e n t a l  e r r o r ,  t h i s  cou ld  a g r e e  w i t h  ou r  
n + ? /8  j but n o t  w i th  Davydov d id  f omeranchuk's n-bl/z.
The ob v io u s  e x t e n s i o n  o f  t h i s  p r o c e d u r e  to  the  s tu d y  
o f  the  H a l l  e f f e c t  would be to  i n t r o d u c e  a term  — e £ ^ a ( s )  
i n t o  e q u a t i o n  ( 6 5 ) .  The e q u a t io n  woula then  be s o lv e d  w i th  
an a t t e m p t  to  o b t a i n  a  quantum p a r a m e te r  s i m i l a r  to  the  
p a r a m e t e r i . e . ,  ^  would be the  ^ . c o o r d i n a t e  o f  the  
c e n t e r  of  g r a v i t y  o f  th e  wave p a c k e t  o f  th e  e l e c t r o n .  The 
p r o b a b i l i t y  of a  c o l l i s i o n ,  c h an g in g  th e  quantum number ft* 
to , would t h e n  be c a l c u l a t e d ,  from t h i s ,  the  c u r r e n t  
i n  the  ^ - d i r e c t i o n  cou ld  be found as  a  f u n c t i o n  o f  th e  •• 
p a r a m e t e r s  £*. , > ^hd H . n e t t i n g  e q u a l  to  z e r o ,  we
could  th e n  s o l v e  f o r  terms u i  t h e  o t h e r  p a r a m e t e r s .
T h i s  a p p ro a c h ,  however,  d i d  n o t  p ro v e  f e a s i b l e .  The 
i n t r o d u c t i o n  o f  an a d d i t i o n a l  term i n  ty. i n t o  e q u a t i o n  (65) 
made th e  en su in g  s e p a r a t i o n  i m p o s s i o i e ,  even i n  the  c a s e  of 
an i s o t r o p i c  e f f e c t i v e  mass fo r  t h e  e l e c t r o n .
Hor can we ex p e ct  any he lp  l rom th e  o ther  approaches  
to the o s c i l l a t i o n s  i n  the magnetic  s u s c e p t i D i l i t y . The 
work of riumer (1948) ana Sondheimer and Wilson (1951) i s  
based on a d i r e c t  c a l c u l a t i o n  o f  the p a r t i t i o n  fu n c t io n  by 
methods o f  complex v a r i a b l e  theory .  D te e le  a l s o  has g iv en  
a number t h e o r e t i c  c a l c u l a t i o n  of  which a l lo w s  one to
c a l c u l a t e  F-N&> and hence the magnetic s u s c e p t i b i l i t y ,  w i th  
the  a d d i t io n  t h a t  su r f a c e  e f f e c t s  can be in c lu d e d .  Each of
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th o se  t r e a t m e n t s  g i v e s  e s s e n t i a l l y  th e  same r e s u l t s  a s  th e  
f i r s t  work o f  Landau. Z i lbe rm an  (1951) has advanced a t h e o r y  
o f  t h e  o s c i l l a t i o n s  i n  the  m ag n e t ic  s u s c e p t i b i l i t y  based  on 
■ in te r a c t i o n s  between the  e l e c t r o n s  t h e m s e lv e s .  T h is  p a p e r ,  
and the  p a p e r  by Rumer (195^) on th e  o s c i l l a t i o n s  i n  the  
m a g n e t o r e s i s t a n c e ,  a r e  i n  R u ss ian  una u n a v a i l a b l e  to  the  
a u th o r  a t  p r e s e n t ,  so  t h e y  have n o t  been rev iew ed .
The n e c e s s i t y  f o r  an even more g e n e r a l  th e o r y  t h a n  
any o f  t h o s e  above,  even for  t h e  m a g n e t ic  s u s c e p t i b i l i t y ,  has  
been shown by B e r l i n c o u r t  ( 1 9 5 4 a) i n  h i s  work on cadmium.
The o r i e n t a t i o n  dependence  o f  th e  p e r i o d  and m agni tude  o f  the  
o s c i l l a t i o n s  i n  the  s u s c e p t i b i l i t y  o f  cadmium canno t  be u n d e r ­
s to o d  on the b a s i s  o f  any moael so  f a r  p ro p o se d ,  a l t h o u g h  th e  
p e r i o d i c  o s c i l l a t i o n s  i n  th e  m a g n e t o r e s i s t a n c e  a r e  s i m i l a r  t o  
th o se  i n  z i n c .  (Zinc shows th e  e x p e c te d  o r i e n t a t i o n  d e ­
pendence  i n  bo th  th e  m a g n e t o r e s i s t a n c e  ana m agne t ic  s u s ­
c e p t i b i l i t y . )  The b a s i s  f o r  t h i s  new th e o r y  w i l l  p r o b a b ly  
a r i s e  from a b e t t e r  u n u e rs t a i id in g  o f  tne  n a t u r e  o f  the  
e l e c t r o n  i n  a p e r i o d i c  l a t t i c e .
The f e i e r l s  t h e o r y ,  as a p p l i e d  h e r e  to t h e  c a l c u l a t i o n  
of  t h e  number of f r e e  e l e c t r o n s  of a v e ry  s p e c i a l  type ,  can 
be used  w i th  s u i t a b l e  fo rm u la e  f o r  th e  m ag n e t ic  s u s c e p t i b i l i t y ,  
t h e  c o n d u c t i v i t y ,  and the  H a l l  c o e f f i c i e n t  to o b t a i n  an u n d e r ­
s t a n d in g  of  th e  r e l a t i v e  m ag n i tud es  and p h a s e s  of the  o s c i l ­
l a t i o n s  i n  t h e s e  e f f e c t s .  E xac t  n u m e r i c a l  agreement  w i th  
exper im en t  h as  n o t  been o b t a i n e d ,  due to th e  a p p ro x im a te  
n a t u r e  o f  the  fo rm u la e  used  f o r  th e  e f f e c t s  i n  terms o f  the
5.9
number of e l e c t r o n s .  The i p i a l i t a t i v e  d e s c r i p t i o n  c o n t a i n e d  
h e r e  cou ld  p r o b a b ly  be improved oy a  f u r t h e r  s t u d y  o f  the  
low t e m p e r a t u r e  h i g h  m agne t ic  f i e l d  b e h a v io u r  o f  t h e s e  e f f e c t s  
and by f u r t h e r  s tu d y  o f  t h e  behav iour  of  e l e c t r o n s  i n  m e t a l s ,  
p a r t i c u l a r l y  i n  m u l t i  V a len t  m e t a l s .  I t  i s  hoped t h a t  th e  
i n v e s t i g a t i o n s  r e p o r t e d  h e r e  w i l l  be o f  some use  t o  o t h e r s  
i n  t h i s  f i e l d  i n  d e t e r m i n i n g  what c o u r s e  0 1 ' i n v e s t i g a t i o n  
shows most p rom ise  f o r  the  f u t u r e .  I n  t n e  c o u r s e  o f  t h i s  
i n v e s t i g a t i o n ,  two new e x p r e s s io n s  riu.ve been o b t a i n e d  fo r  the  
H a l l  e f f e c t ,  one o f  t h e s e ,  V a l id  when the  Larmor p e r i o d  i s  
much g r e a t e r  t h a n  th e  time o f  r e l a x a t i o n ,  i s  based  on a 
c l a s s i c a l  a p p ro a c h ,  u s in g  Ĥ n t u m  m e c h a n ic a l  r e s u l t s  o n ly  i n  
the  a s su m p t io n  o f  an  e f f e c t i v e  mass.  The v a l u e  o f  t h i s  
e x p r e s s i o n
l i e s  i n  t h e  e x t e n s i o n ,  i m p o s s i b l e  i n  the  u s u a l  quantum 
m ec h a n ic a l  a p p ro a c h ,  to t h e  c a s e  o f  an a n i s o t r o p i c  e f f e c t i v e  
mass. The second  e x p r e s s i o n ,  f o r  tn e  H a l l  e f f e c t  i n  a one 
band model ,  shows t h a t  i n  the l i m i t  where the  Larmor p e r i o d  
is,' v e ry  much g r e a t e r  t h a t  Che time o f  r e l a x a t i o n  t h e  e x p r e s s i o n  
f o r  t h e  H a l l  c o e f f i c i e n t  i s  t h e  Same as  t h a t  g iv en  f o r  the  
h i g h - t e m p e r a t u r e ,  v a n i s h i n g  f i e l d  c a s e .  N e i t h e r  o f  t h e s e  
e x p r e s s io n s  have been a p p l i c a b l e  to  our p rob lem  but  would be 
u s e f u l  i n  o t h e r  c a s e s .
-f J) (/V; °</ NaP̂ iy.)
LIST Ob' COMMON SYMBOLS
^ ‘ Components o f  t h e  r e c i p r o c a l  mass t e n s o r
ft Tne doubled. Bohr magneton.  tfnen the e f f e c t i v e  mass i s
0^ Conduc t i v i t y .
X one  h a l l '  o f  t h e  mean f r e e  time between c o l l i s i o n s  
( C h a p te r  3)# or  t h e  time 0 1  r e l a x a t i o n  ( C h a p te r  4 ) .
W Larmor a n g u l a r  v e l o c i t y  e # /* * C .  i f  e f f e c t i v e  masses  
a r e  i n t r o d u c e d
X  M agne t ic  s u s c e p t i b i l i t y .
E fine r g y .
E 0  * ermi line r g y ,
£. h l e c t r i c  f i e l d .
6  The a b s o l u t e  v a lu e  of: t h e  c h a rg e  o f  t h e i e l e c t r o n .
Tne r 'ermi d i s t r i b u t i o n  f u n c t i o n ,  ^
& T h is  symbol was used  bo th  f o r  the  wave number (sometime 
a p p e a r i n g  a s  or  fe,*) ana f o r  n o x tz m a n n ' s  c o n s t a n t .
M The nnmnflp p e r  u n i t  volume of c a r r i e r s  o f  typ e  £ .
R  The H u l l  c o e f f i c i e n t ,  c o n f in e d  so  a s  to  be n e g a t i v e  f o r  
e l e c t r o n i c  c o n d u c t io n .
2  The number o f  c a r r i e r s ,  p e r  u n i t  voxume w i th  energy  l e s s  
th a n  E i n  a  m ag n e t ic  t i e i u  f-| = Z ( B ) H)
6u
l i i U L ' U U U U C U ;  V t l l X O  U C U U I U C b  •
6* aeduced energy, €  * £ /> ‘ H .
£0 uedacea *ermi energy.
0 deduced temperature, &* feT/|SH
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V1T n
’Edward George G r im sa l  was born i n ’ ly 2 7 ,  i n  D e t r o i t ,  
M ic h ig a n .  He a t t e n d e d  p u b l i c  s c h o o l s  i n  M ich igan ,  g r a d u a t i n g  
from Mary F r e e  Bed S choo l  i n  Grand t iap ids ,  M ich ig an ,  i n  1944* 
a f t e r  r e c e i v i n g  a b a c h e l o r  o f  n r t s  d e g re e  i n  c h e m is t r y  from 
W estern  M ichigan  C o l l e g e  i n  1 9 4 8 , he e n t e r e d  G ra d u a te  Schoo l  
a t  Iowa S t a t e  C o l l e g e ,  where he r e c e i v e d  a M a s te r  o f  S c i e n c e  
d e g re e  i n  p h y s i c s ,  a f t e r  t e a c n i n g  a y e a r  a t  W estern  
M ich igan  C o l l e g e ,  he  e n t e r e d  th e  G ra d u a te  Schoo l  o f  L o u i s i a n a  
S t a t e  U n i v e r s i t y  i n  l ^ b l ,  anu i s  now a c a n d i d a t e  f o r  th e  
u e g re e  o f  Doctor  of rh i ' l o so p n y  i n  tn e  d e p a r tm e n t  o f  P h y s i c s .
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